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PREFACE 

Tins coUfcction of papers is intended to provide tests of the 
same standard as school certificate examinations, vdth questions 
of the same varied nature. They are not graded, aiid will 
prohabl}' bo found to vary in difficulty just as actual examina- 
tion papers vary from year to year. 

Book work is included in the papers, partly to provide the 
necessary revision, but also to give some clue to the solution 
of tho^foUowing rider. 

It is advised that care and attention be given to questions 
requiring figures d^a^vn to scale ; facility in the accurate use of 
mathematical instruments is particularly important for the 
examination candidate who has no great sidll in solving riders. 
Wlion tlio figure is not required to be drawn to scale, it wastes 
time to use instruments. Figures for propositions and riders 
should bo drawn freehand, but should be neat, of a fair size, and 
reasonably accurate. 

The first fifty papers are limited to the syllabus of the 
Matriculation and School Certificate Examinations of the 
University of London ; to meet the requirements of other 
cxammations the last fifty papers include questions involving 
proportion and similarity, and questions needing elementary 
trigonometry. Further practice in trigonometrical manipu- 
lation can be obtained by solving scale-drawing questions by 
calculation. 

A special edition is published, which gives the answers to 
numerical questions and skeleton solutions to all bat the 
simplest riders. ' Proofs are given of many pieces of book worlc 
which are included in some textbooks of geomotiy but not in all. 


W. E. PATERSON. 







TEST PAPERS IN 
GEOMETRY 


No. 1 

1. In a triangle ABC the angle ABO is 120°; equilateral 
triangles DAB, EBG are described on the sides AB and BG, so 
that they fall entirely outside the triangle ABC. Prove that 
DE = AC. 


2. Define a parallelogram and prove that the diagonals 
bisect one another. 

State and prove additional properties of the diagonals of 
(i) a rectangle, (ii) a rhombus. 

3. Construct a triangle ABC, having AB — 4*7 cm., 
.iC = 3-4 cm., and angle BAG — 75°. Draw the perpendicular 
bisector of BC and the bisector of the angle BAG. Call their 
I)oint of intersection D, and measure the angle BDC. 

4. State and prove the geometrical proposition corresponding 
to the algebraical formula for {a -}- b) ”. 

In a triangle ABO with a right angle at G, a perpendicular 
CD is lot fall on AB. Prove that CD " = AD . DB. 

5. Two straight lines /IX, A T contain an angle of 55°, and a 
circle of radius 3 cm. rolls along XA towards A. 

Find by an accurate d^a^ving the distance of the centre of the 
circle from .4 when the circle touches A Y. Give yomr reasons. 

C. A circle is drawn having the side BO of an acute-angled 
triangle ABC as diameter. Prove that A must be outside the 
circle. 

If the circle cuts AB at P, and AG at Q, and if BQ, CP cut 
at A', prove that AX is perpendicular to BC. 


1 
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No 2 

1 If two tnangles have two sides of the one eqnal to two 
Bides of the other, each to each, and the angles opposite to one 
pair of equal sides equal, show that the angles opposite the 
other pair of equal sides are either equal or supplementary 

If the bisector of the angle A oia tnangle ABC also bisects 
the side BC, prove that AB = AG 

2 If two non parallel Imee are cut by a transversal, prove, 
without usmg any properties of parallel Imes, that the two 
Ulterior angles on that side of the transversal on which the 
given Imes tend to meet are together less than two right angles 

State the converse of this 

Draw a tnangle iBC, being given that AB « 6 2 cm , 
AO sc 5 7 cm, and AD, the peipendicnlar from A to BO, 
es 3 8 cm Give reasons for your construction and show that 
there are two solutions 

4 If a straight line bo divided into two parts, show that the 
sum of the squares on the whole line and one part is equal to 
twice the rectangle contained by the whole line and that part 
together with the square on the other part 

In a square ABCD A is )omed to any pomt E m BO, prove 
thatAE* = 2PC7 RE + CE* 

5 Prove that the perpendicular from the centre of any 
Circle on any chord of the circle bisects the chord 

Take a pomt A 1 7 m from the centre of a circle of radius 
2 in Through A draw a chord BC, such that BC is bisected at 
A , also draw through A a chord PQ of length 3 m Prove 
your constructions 

6 A statue BC of height 8 ft stands on a pedestal AB of 
height 11 ft , a mMi whose Qre is 6 ft from the ground walks 
along a path which is at right angles to AB Fmd two posi- 
tions of his eye E such that the angle BEC = 20®, and find, by 
measurement, the distance between the positions (Take 
1 cm to represent 1ft) 
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No. 3 

1. T’n’o triangles have their angles equal, each to each, but 
tlicy have no sides equal ; prove that the small triangle may bo 
placed so that two of its sides fall on two sides of the large 
triangle, and that the third sides are then parallel. 

2. What are the respective loci of a point when it moves 
under the follo^vmg conditions — 

(i) So that it is always 6 in. from a fixed pomt ; 

(ii) So that it is always G in. from a fixed straight line ; 

(iii) So that the Unes joining it to two fixed points always 
contain an angle 90° ? 

3. Draw a parallelogram with diagonals 2*3 in. and 1'5 in. 
long, and one side 1*1 in. long. Measure the obtuse angle 
contained by the diagonals. 

4. Prove Apollonius’s theorem, viz. — 

The sum of the squares on two sides of a triangle is equal to 
twice the square on half the tliird side together, with twice the 
square on the median bisecting that side. 

Two points A and B are 2 in. apart, draw the locus of a 
pomt P wliich moves so that PA * + PB " = sq. in. 

6. Prove that the radius of the inscribed circle of a triangle 
is equal to the area of the triangle divided by its semi-perimeter. 

What is the diameter of the largest circular pond that can 
bo made in a triangular field whose sides arc 65 yds., 56 yds., 
33 yds. 1 

6. From a pomt P a tangent P..4 is drawn to a circle and a 
secant PBO ; from the secant PB is cut equal to PA. Prove 
that AB bisects the angle BAC. 
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No- 4 

1 The bisector of the opposite angles A and (7 of a parallelo 
gram ABGD meet the diagonal BD at E and F respectively 
Prove that AE CF 

2 Two roads AB, AO cross at an angle of 75“ , B a mile 
stone 13 800 yds from A It is required to place a flagstaff 
equidistant from A and B and equidutant from the two roads 
By drawing a figure to scale find the distance of the flagstaff 
from A 

3 Prove that the straight hoe joining the middle pomta of 
two Bides of a tnanglo >s parallel to the third side 

If the middle pomts of the consecutive sides of any quadn 
lateral are joined, show that the quadrilateral so formed is 
always a parallelogram and that it is equal to half the original 
quadrilateral 

4 From the nght angle 4 of a tnangle ABC a perpen 
dicular AD is let fall on the hypotenuse BG^ prove the 
square on AB is equal to the rectangle BC, BD 

Without any calculation, construct an isosceles nght angled 
triangle equal in area to a rectangle 3 in by 1 3 m 

5 If two circles cut, prove that the line joinmg their centres 
bisects the common chord at nght angles 

Word this enunciation so as to state a property of two 
isosceles triangles having a common base 

6 Pomts X, y, Z are taken on a circle so that TXZ is an 
acute angle and the minor arcs XT XZ are bisected at P and Q 
respectively The straight line PQ cuts XT, XZ in R and S 
Prove that XR = XS 
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No- 5 

1. If a triangle has two equal sides, prove that the angles 
opposite those sides are equal. 

Discuss the proposition — 

If a triangle has two sides whioh are nearly equal, then the 
angles opposite those sides are also nearly equal. 

2. In a triangle ACB the angle ACB is obtuse. Provo that 
the perpendicular from A on BO falls outside the triangle. 

In what well-known proposition is this fact assumed without 
proof ? 

3. Provo geometrically that if a parallelogram and a triangle 
are on the same base and between the same parallels, the area 
of the parallelogram is twice that of the triangle. 

Describe an equilateral triangle with side 1 in., and then 
construct a parallelogram equal to the triangle in area, and 
having the longer sides three times the length of the shorter 
sides. 

4. Two parallel chords of a circle of radius 6'5 in. are respec- 
tively 12’6 in. and 12 in. long. If the centre of the circle is 
between them, what is the distance between the chords ? 

If the two chords had been at right angles, calculate the 
distance of their point of intersection from the centre. 

u. \Ylint is the doflnition of touching circles ? Prove that if 
two circles touch, their centres and point of contact are in a 
straight lino. 

If two circles touch at A, and any lino through A meets one 
circle at P and the other at Q, prove that the radii drawn to 
P and Q are parallel. 

C. Two circles touch at A ; through A lines FAQ, XAF are 
drawn, meeting one circle at P and X, and the other at Q and 
Provo that PX and Q Y are parallel. 



TEST PAPERS IN GEOMETRY 


No. 6 

1 Correct the following enonciations — 

(а) Two thangles are congment if they have two sides and 
an angle of one respectively equal to two sides, and an angle of 
the other 

(б) Two triangles are congruent if they have the angles of 
the one equal to the angles of the other, each to each 


Define a parallelogram, and from the definition prove that 
the diagonals of a parallelogram bisect 
one another 

OX, OY represent straight portions of 
two railway Imes , H represents a house 
which IS bown to be eqm-distant from 
two stations, one on each railway line, and 
in the same straight line with them State 
how the posiUoss of the railway stations 
may bo found If the figure is drawn to the scale of 1 cm to 
the mile, what is the distance between the stations ? 



3 Construct a triangle ABC of area 5 1 sq cm , having 
AB B 3 4 cm , BC « 3 7 cm 

Measure the difierence between the two possible values of 
the angle B 

4 Divide a straight line AB mto two parts at C so that the 
square on AC is equal to twice the square on BC , and give a 
geometrical proof that the construction is correct 

€ If a circle can be inscribed m a quadrilateral ABCD, prove 
that AB + CD = AD + BC 

Construct such a quadrilateral, being given that the radius of 
the inscribed circle is 5 cm angle A is 70°, angle 0 is 80° 
AB = 12 cm Verify that AB + CD = AD + BC 

6 An arc AB of a circle is bisected at D, and D is joined to 
the other extremity C of the diameter AC If CD outs AB at 
E prove that irct DB DC — sq on DA 
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No. 7 

1. Draw a line i)nrallel to a given line AB through any given 
point P vrith ruler and compasses only. Prove your construc- 
tion to bo correct. 

2. Define a rhombus, and from your definition prove that 
the diagonals of a rhombus bisect one another at right angles. 
Show that if a rhombus can bo inscribed in a circle it must be a 
square. 

3. In a triangle ABG the perpendicular from B on the 
bisector of the angle C meets AC (produced if necessary) at D. 
Prove that AD is equal to the difference between AC and BC. 

4. If D is the middle point of the side BC of a triangle ABC, 
prove that — 

AP 2 + .4C = = 2PD 2 -f 2AD 2. 

Provo that, if the sum of the squares on the sides of a quadri- 
lateral is equal to the sum of the squares on the diagonals, the 
quadrilateral must be a paraUologram. 

.7. Provo that the greatest line that can be drawn from a 
point inside a circle to the ciroumference is that which passes 
through the centre, 

A and B are two points within a circle, not on the same 
diameter. Find the point P on the circumference such that 
AP- -j- BP” is as great os possible. Prove your constniction 
to be correct. 

6. If at a point a tangent and a chord are drawn, prove that 
the angles between the tangent and chord are equal to the 
angles in the alternate segments of the circle. 

At a point (7 on a circle a tangent is drawn which meets any 
chord AB, produced, at D. Perpendiculars DE and DF are let 
fall on CB and AC, produced. Prove that EF is at right 
angles to AD. 
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No 8 

1 Tho side BC of a tn&ngle ABC la bisected at D, and AD 
la produced to E so that AE — 2AD Prove that ABEO is a 
paraUelogram 

Construct a triangle ABC having AB «= 2 in , AC = 3 in , 
and AD, the median bisecting BC, = 2 3 m Prove the troth 
of your construction 

2 In the Bide BG of a triangle ABC any point F is taken, 
shorv how to draw a tine PQ, cutting BA in (?, bo that the 
triangle PBQ is equal m area to the triangle ABC 

2 'll tk straight line is divided into two equal and also two 
unequal parts, prove geometncally that the rectangle con 
tamed by the unequal parts together with the square on the 
Ime between the points of section is equal to the square on half 
the Ime 

State the equivalent algebraical formnla 

4 Prove fully that angles at the circumference of a circle 
standing on the same chord are either equal or supplementary 

P IS any point on the circumference of a circle of which AB 
IS a fived chord The bisectora of the angles PAB, PBA meet 
at I , find the locus of / 

•/o A Ime XT 18 drawn 6 8 cm from the centre of a given 
circle of radius 4 cm. Draw a circle of radius 3 5 cm. to touch 
XT and the given circle State the steps of your construction 
and prove yoor construction to be correct 

6 Two straight Imes AD, BG meet at 0 when produced 
Prove that, if rectangle OA OD = rectangle OB OG, the 
angle ABD = the angle ACD 
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No. 9 

1. The sides AB> CB of a triangle ABC are produced to P 
and Q respectively so that BP = AB and BQ = GB. Prove 
that PQ is equal and parallel to AG. Give the enunciation of 
all the propositions used in the proofs. 

2. Prove that parallelograms on the same base and between 
the same parallels are equal in area. 

A point X is taken in the side AB of a parallelogram A BCD ; 
prove that the triangle CXD equals the sum of the triangles 
BXD and AXD. 

3. A straight line PO meets another straight line XY at 0, 
and the angles POX, POY are bisected. Prom any point A 
on the bisector of POX a perpendicular AB is drawn to OP, and 
produced to meet the bisector of POY at C. Prove that the 
square on AO is equal to the rectangle AB . AC. 

4. In a triangle ABC, AB = 3-9 cm., BG = 4*8 cm., and the 
angle BAG = 65° ; constnict a rectangle equal in area to the 
triangle ABC, having one side of length 6-5 cm. 

6. Give the construction, with proof, for describing a circle 
about a given triangle. 

Two triangles have a side of one equal to a side of the other, 
and the angles opposite those sides equal ; prove that the radii 
of their circumcircles are equal, 

6. A circle is described having as diameter a radius OA of a 
circle with centre 0. From A a straight line is drawn cutting 
the iimer circle at P and the outer circle at Q. Prove that AQ 
is bisected at P. 

Also if P2i is at right angles to AO and is produced to meet 
the outer circle at S, prove that AS“ — 2AP 



10 
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No 10 

1 A picture la supported by a string 4 ft long which is 
attached to two rings m the top of the picture frame, 2 ft apart 
The strmg passes over a nail in the wall and the top of the 
picture frame is horizontal If the strmg is shortened by 1 ft , 
find, by drawing a figure to scale, by how much the picture will 
be raised 

2 A transversal cuts two parallel lines at A snd B The 
two Ulterior angles at A are bisected and so are the two mterior 
angles at B , the four bisectors forming a quadjnlateral ACBD 
Prove that (i) AOBD is a rectangle, (u) CD is parallel to the 
original parallel Unea 

3 If the square on one side of a triangle is e<]iial to the sum 
of the other two sides, prove that the triangle is right angled 

The middle points of the sides BC, CA, AB of a triangle are 
P, Q, £ respectively, and AP, BQ, C£ intersect at G II 
AP as 24, BQ = SO CR= 18, prove that the angle POC is a 
right angle 

4 Show that four circles can be drawn so that each of them 
touches each of three given mtersectmg straight lines 

5 Two hues AX, A Y meet at an angle of 43® , along AX 
two pomts B and C are taken so that AB = 1 7 m , and AO 
= 2 5 in Construct a circle that shall pass through B and C 
and have its centre 1 in &om A T Show that there are two 
such circles 

6 Any three points A, B, C are taken on the circumference 
of a circle , AD is drawn at right angles to AB to meet the 

/ circle at D, and CE is drawn at n^t angles to CA to meet the 
circle at E Prove that DE is equal to AB 
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No. 11 

1, Prove that the angles at the base of an isosceles triangle 
are equal. 

The base angles B and G of an isosceles triangle ABO are 
bisected by lines meeting at P. Prove that AD bisects the 
angle A. 

2, In what kinds of parallelograms — 

(i) Are the diagonals at right angles ? 

(ii) Do the diagonals bisect the angles 1 

(iii) Arc the diagonals equal ? 

Lines are drawn joining the middle points of adjacent sides 
of a rhombus. Provo that the quadrilateral so formed is a 
rectangle. 

3, Prove that triangles on the same base with their vertices 
on a lino parallel to the base are equal in area. 

Draw a triangle ABC having AB — 4‘7 cm., BO — 3"6 cm., 
CA — 5-2 cm. ; and then construct a triangle equal to ABO in 
area and having one side 7 cm. long, and another 3 cm, long. 

4, The diagram represents three books, too tail for a book- 
shelf, which just fit in the shelf when 
inclined at 20° to the vertical. If the 
books are each 9 in. taU and 1*5 in. thick, 
find, by dra^ving to a scale 1 cm, = 1 in., 
the len^h and height of the shcR. 

5, Draw two circles of radius *7 in. to 
touch a given circle of radius 1 in., and to pass through a given 
point *5 in. from the centre. Measure the distance between the 
centres of the two circles. 

G. If in two circles equal chords subtend equal angles at 
points on the circumference, prove that the circles are equal. 

In a triangle ABC the sides AB, AC are equal, a point P on 
the other side of the base BO is such that the angles APB, 
APO are equal and AP is not perpendicular to BO. Prove that 
the triangles APB, APO have the same circumscribing circle. 
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No. 12 

1 In a certain pentagon tho firo Bides are equal and tJie 
bisectors of the interior angles meet m a point Prove that all 
the angles of tho pentagon are equal to one another, and that a 
circle can be descnbed to joss through the middle points of the 
Bides of the pentagon 

2 A rectangle ABCD has AB of length 3 5m, and BO of 
length 2 m Construct geometrically a rectangle ACEV of 
equal area and prove the construction to be correct 

3 By a geometneal construction prove that the rectangle 
contamed hy the sum and difference of two straight lines is 
equal to the difference of the squares descnbed on them 

Draw a figure to illustrate the algebraical identity— 

{a + 5) * - (« - 6) * = 4fli> 

4 Ezplam what you understand by “ a proof by reduetto ad 
abiurdum " 

Wnto out the caunciation and proof of any proposition m 
which this method is used 

6 If two chords of a circle mteisect within a circle prove 
that the rectangle contamed by the segments of one is equal to 
the rectangle contamed by the segments of the other 

TwolmesAR OZJintersect at (?,80 that AO OB = 00 OD, 
prove that the sum of the angles ACB and ADB is two right 
angles 

6 The sides BA and CA of a triangle ABO are produced to 
D and E respectively, making AD equal to CA and AE equal 
to BA The bisector of the angle BAC meets BO m H, DE in 
K, and the circle circumscnbing tho triangle ABO m L Prove 
that — 

(i) B, L, D, and K are concyclic 

(u) Rectangle AH AL = rectangle BA AC 

(ui) The square on AH = rectangle BA AO - rectangle 
BH HO 



AUTHOR’S NOTE 

These “ Points Essential to Answers ” contain skeleton solu- 
tions to all the riders in the Test Papers ; they must he used 
sensibly or the student will lose rather than gain by their use. 
The student should make every effort to answer questions 
before consulting the solutions and must recollect that they are 
not model solutions but merely outlines. When the solution 
is luiderstood, the student is advised to draw a fresh figure 
with different letters, and then to write out a fuller solution 
such as is required in an examination. 

Riders frcquentl}^ admit of several methods of solution. If 
a student finds that his solution differs from that given here, 
ho is advised to revise it carefully, making sure that he has 
used all the data, has not inadvertently assumed the required 
result in the proof, and that lie can give a reason for every step 
in the argument. If he is still satisfied nith his proof, and, as 
is very probable, finds it shorter than the book solution, he will 
not be more pleased than will 

W. E. PATERSON. 
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TEST PAPERS IN GEOMETRY 
POINTS ESSENTIAL TO ANSWERS 


No 1 

1 Since *11 BngleB et £ ~ 360*, angle DBS = 120*, and tnanglei ABO 
DBS are eocgruenl. 

3 106* 

4 AC* + BC* AD* + DC* + BD* + DC* 

AB* o AD* + BD* + tAD DB 

but AB* - AC* -t-BC* CD*- AD DB 

5 When circle touches AT AX and AY are tasgenu and centre u on 
bisector of ZAT Duriog rotUnB centra moces along Ime parallel to ZA 
St dutancs 3 cm Final d stance from <4 — 6 5 cm 

6. AciitaBngI«Xis>neegineotl4rgettbansemi>ciccle. A xi outnds setu 
circle Angles BBC BQC in senu.cirel« are r gbt anglea BQ OP are 
two perpendiculars from vertices. Hence AZ is tbe turd perpendicular as 
the tnree are concurrent 

No 2 

1 Sp first pert angles at B and 0 are a ther equal or lupplementary 
Being angles of a triangle, (bey are not supplementary they are equal 

AB » AO 

3 Craw AO and erect perpendicular at B c« both eidea With centre A 
radius 6 2 draw circle cutting perpendieular on one a de at C With centre A 
radius 8 7 draw circle cutting wrpendicular on both sides Hence then are 
two non congruent tr angles ABC 

4 AS* «. AB* + BE* » DC* + 2JB* = 2BC BD + CE* 

6 Join A to centre O and draw chord BO at right angles to OA Craw any 
chord FQ ss 3 in With centre O and radius the perpendicular from O to 
BQ draw circle from A draw tangent to this circle and produce both ways 
cutting first circle at D and E Chords DB and PQ are equi distant from O 
and tnmfore are equal t e DB s 3 in. 

6 Draw honzont^ A 7 8 (t from ground. OnBCdrawscgment tocontain 
an angle 20* the arc cuts ZT cd the two poa t Ons of E Dutanoe — 12 2 ft 


No 3 

3 Draw triangle ABB banng A0 — t 1 AB » 1 15 BE ^ 75 TbenBu 
mtersection of diagonals and AB is one sde Obtuse angle •= 113* 

4 If O la mid pomt of AB PA» + PO* = 2AO> + 2BO* PC = 1 5 in 
and locus is circle with centre O radtua 1 3 in. 

5 If / IS centre triangles BIO CIB AIB make up triangle BIG {or 

+ + {cr "■ area r =■ area — eemi perimeter 65* - 66* = 121 x 9 

33* triangle IS ngfat.aDgled Area is 28 X 33 diameter = 24 yd. 

6 DAO + DCA = PDA = PAD BAB + BAD But PAB = DCA 

DAO - BAD 

No 4 

1 Triangles AED BOF are ctagrneat 1 side and 2 anglea 

2 FlagstaS u on porpendieiitat bswetor of AB and on b sector of angle 
BAD Distance — 804 yd. 



POIOTS ESSENTIAL TO ANSWERS 


3a 


3. Each joioing lino = half n diagontvl and is parallel to diagonol, figure 
pornllolograni. Eoch triangle nt corner is i of a triangle cut off by diagonal. 
• 4 triangles = half the pnrnUolograni. 

” 4 . Make square == rect. 3 by 2-0 and draw diagonal, 
e. Join PZ. QY rns = qpy + pyx = YPZ + QPZ + PZX 

ZSR - PQZ + QZX = YQZ + PQT -i-QYX 
= X+}Z+iY 
XPS = XSR. XR = xs. 


No. 5 

1 . If a triangle has two sides which are nearly equal, then the angles 
opposite are cillier nearly equal or nearly supplementary. 

2. Assume pt-rpcndieulor falls inside and use reductio ad absurdum. 

3. llisect base RO of triangle at X). With centre 2?, radius 1-6, describe 
circle to cut parallel through A to BO at E. Complete parallelogram BEFD. 

•}. 4-1 in. Distance from centre 

*= -\/Bum of square of distances of chords from centre — - -^/s^ = 2-07. 

fi. Two isosceles triangles hove angles at base equal. angles at vertices 
equal. radii pnrnlld. 

0. Use angle bolwoon tangent and chord = angle in allemato segment. 


No. 6 

2 . Produce OH to K so that OH = HK. Through K draw parallels to 
OX and OT mooting OX at A, 01' at fi. Then A and fi are the stations = 6*2 
uuics. 

3. Draw XI' parallel to .-Ifi at distance 3 cm. With centre fi, railius 3-7, 
ilescribe circle. This cuts XT in two places. .*. two solutions. Difference 

71“ 40'. 

5. Irft two tangents from A bo of length x, from By, from Cz, from Dw. 
Then -4B + OD = x-f-J/ + - + <a and AD + BC = x -h y -i- ~ -h v>. 

Draw circle centre O, radius 5 cm., and any radius OP. SiaI;o angle 
POQ 1 10“. Draw tangents at P and Q to meet at A. Produce AP to fi 
so that .4fi =-= 12 cm. Draw BR the other tangent from fi. Make R0S= 100°. 
At S draw tangent to meet AQ at D and BR at C. 

0. DAR^^DCB -=DCA. DA is tangent to circle AfiO. DE . DC==DAK 


No. 7 

2 . Opposite angles equal and also supplementary. figure is a square. 

3. li the portx'ndioulnr from fi on bisector meets bisector at E, then triangles 
CED. BED arc congruent and CD — OB. 

4. D't O K' mid-point of diagonal BD of the quadrilateral ABCD. Then 
.4flS4-.4D*.f fiC*-f C'D*-= 2AO*-{- 2BO’+ 2CO*4- 2BO^= BD'-t- 2A0*+200*. 

’a "i" -OC* = 4AP' -t- 4P0*, where P is mid-point of AC. 
.. PO P, i.e, 2' and O coincide, i.e. diagonals bisect one another. quadri- 
lateral is a parallelogram. 

5. Bisect Afi at C ; then AP* 4- BP* = 2AC* -f 2C'P> A2^* + BP* is 

gn'otest when CP is greatest, i.e. when CP passes through the centre. 

“ 2 right angles. Ci'DF is cvdic. .’.APE — CDS. 
A! CO CD IS a tangent. .% FAS = DCE. PAB -f- AFE =- CDE -t- DOE 
"• 1 right angle. 


TEST PAPERS IN GEOMETRY 
POINTS ESSENTIAL TO ANSWERS 


No. 1 

1. Bmce &U uglea at fi ^ 360*. angla DBE ~ 120*, and tcianglee ABO 
DBE are coagnient 

3 105*. 

4 AC* + BC* = AD* + DC* + BD* + DC* 

AB* = AD* 4 BO* + iAD DB 

but AB* = AC* 4 BO* . CD* »= AD DB 

5 When circle touches A T AX and A T are tangents and centre is on 
bisector ot XAY Dunog rolling, centre moves along line parallel to XA 
at distanee 3 cm Final distance from .A = 6 5 cm 

6 Acute angle A is m segment larger than semi circle ■ A is outside semi 
circle. Angles BFC, BQO. in seru circle, are right angles . BQ, OF are 
two perpesdiculars irom vertices Hence AX is the t^d perpendicular, es 
the three ar« concurrent 

No. 2 

1 By first part, angles at B and O are either equal or supplementary 
Being angles of a triangle, they are not supplementary they us equal 

AB a AC 

3 Draw AD and erect perpeitdicultf at B on both sides With centre A, 
radius 6 2, draw cirde cutting perpendiculu on one side at C With centre A, 
radius 6 7, draw circle cutting perpendiculu on both sides nenos there are 
two non.ccagrusnt triangles ABO 

4 AE* m AB* + BE* - BC* 4 BE* = 2BO BD 4 OX* 

6. Join A tocMitre 0 and drawebcrd BO at right angles toOA Drawany 
chord PQ a 3 in With centre O and radius the perpendiculu from 0 to 
PQ, draw circle from A draw taogeot to this circle and produce both ways 
cutting first circle at D and E Choids DB and PQ are equi distant from 0 
and therefore are equal te DE ^3io. 

6 Draw honzont^ X F, S ft. from ground. On BC draw segment to contain 
an angle 20*, the uo cuts XFat tbe two positions of X Dismoos ~ I22fc 


No. 3 

3. Draw triangle ABX banng A B 1 1. AX =115, BE = 75 Then X is 

intersection of diagonals and AB is one side Obtuaa angle = 113* 

4 If 0 IS nud pomt of AB, FA* 4 PB* = 2AO* 4 2PO* . BO = 1 6 m 
and locus is circle with centre O radius I S in 

5 If / IS centre, triangles BIG, GIB, AIB make up triangle BIC 

4 \hr 4 }er = area. r = area — semi perimeter 65* - 66* = 121 x 9 
= 33* triangle is nght angled. Area = 23 x 33, diameter = 21 yd. 

6 DAO 4 DOA = PDA = PAD •= BAB 4 BAD But FAB = DCA 
: DAO — BAD 

No. 4 

1 IViangles AED, BOB ue congruent, I aide and 2 anglea. 

2 Flagstaff is on perpendicular biaector of AS and on bisector of angle 
BAO Distanee = 604 yi 

Za 
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POIJ^TS ESSENTIAL TO ANSWERS 


3 . Eoch joining lino = half a dingonta and is parallel to diogonnl. figure 
i 4 paraHelogram. Each triangle at corner is i of a triangle cut o5 by diagonal. 

•. 4 triangles = half tbo parallelogram. 

4. Moko square = rcot. 3 by 2-0 and draw diagonal. 

c. Join fI <?r rns - Qpr + pr^ = + qpz + pjsx 

= X + iY + iZ 

ZSR = PQZ + QZX = xqz + PQE + QEX 
= X + + JF 

XRS - XSR. Xli = xs. 


No. 6 

1. If a triangle lias two sides which are nearly equal, then the angles 
opposite are cither nearly equal or nearly supplcinentory. 

2. Assume perpendicular fulls inside and use reductio ad absurdum. 

3. Bisect base PC of triangle ot D, With centre B, radius 1‘6, describe 
circle to cut parallel tlirough A to BO at E. Complete parullologram BEFD. 

4. -M in . Distance from centre 

•= -x/anm of square of distances of chords from centre = V^S'Sl = 2'07. 

Hi. Two isosceles triangles have angles ot base equal. angles at vertices 
equal. radii parallel. 

C. Use angle botwoon tangent and chord = angle in alternate segment. 


No. 6 

2. Produce OH to K so that OH — RK. Through K draw parallels to 
OX and 0 Y meeting OX at .4, 0 1' at B. Then A and B are the stations = 6*2 
miles. 

3. Draw X 1' parallel to AB at distance 3 cm. With centre B, radius 3-7, 
iie.'CTil>9 circle. This cuts XT in two places. two solutions. Difieronce 
« 71“ 40'. 

5. I.cl two tangents from A bo of length x, from By, from Or, from Dw. 
Tlicn .-IB + CD = a" + y + t + tc and AD + BC = k + y -i- = 4- u”. 

Drow circle centre 0, radius 5 cm., and any radius OP. Make angle 
POQ — 110°. Draw tangents at P and Q to meet at A. Produce AP to B 
so that AB ^ 12 cm. Draw BB the other tangent from B. Make I?OB= 100°. 
At 6' draw tangent to meet AQ at D and BR ot C. 

G. DAB-DUB -DCA. .'. B.4 is tangent to circle ABO. .'. BB . DC=BA*. 


No. 7 

2. Opposite angles equal and also supplementary. figure is n square. 

3. If the p.'rjicndiculnr from B on bisector meets bisector at B, then triangles 
CED, BED art' congruent and CD = CB. 

4. Irft 0 l>e niid-jwint of diagonal BD of the Quadrilateral ABCD. Then 
AB’AAD'd-BC'ACD'r= 2.40'-|- 2BO’+ 2CO*+ 2BO*= BB*4- 2A0*+200'. 

^ 2.40* + 20C’ 4AB* 4- 4P0*, where P is mid-point of AO. 
I O = 0, t.e. P and O coincide, i.e. diagonals bisect one another. quadri- 
lateral L? a parallelogram. ' 

5. Bisect AB at C ; then AP* -p BP* = 2AC* 4- 2CP* AP* -f BP* is 

^ greatest, i.c. when CP passes through the centre. 

2 right angles. CBBP is cvelie. .‘.APE ~ ODE. 
Alto CB IS u tangent. FAB = BCB. /. PAB 4- APE = CDE -a DOE 
1 right angle. ‘ 
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TEST PAPERS IN GEOMETRY 


No. 8 

1 (i) Triangles ABD, BDC are eongruent, 2 aides and included angle 

(ii) First construct tnan^e ABB having AB es S. BE = 3, AE := 4 6 
Complete parallelogram ABEC, then ABC u required triangle 

2 Draw CQ paraUel to PA to meet BA at C 

4 U P IS in major arc, angle APB u constant and acute, and angle 

,4/B •= 90 + JilPB 

II P 13 m minor are, angle APB u constant and obtuse and angle 
AJB = 90 iAPB 

complete locus ot 7 is tba area of two aegments, one on each side of AB, 
that on the major aide containing an an^ 90 that on the mmor con 
taming ISO where z* latha acute angle dPB 

5 Centre of required cirde la on lino parallel to X 7 at distance 3 S cm , 
and IS also on circle centre O, tadiue 7 5 

6 Because rectangles are equal, the points A, S, C, D are conc^elie. 


No. 9 

2 Triangle BED and triangle AXD ** ^ ,4DB = } parallelogram • tn 
angle CZD 

3 Biaecton of adjacent angles are at right anglrs triangle XDOu right 
aaded with OS perpendicuw to hjTioteBUsa SC Eenot, hp proof of 
FTthagetas, ,40* b AS, AC 

4 Mnstruet rectangle ABPO equal to tnangle ^B<7 , produce ,4B to D, 
maluag AD — 6-8 Draw BF parcel to 7>0, meeting AQ at F, then ADEP 
IS required rectangle 

0 An^ea at centres subtended by theeqnal sides are equal hence the radii 

6 ^gle APO IS a right angle, being in aemi circle OP bisects AQt 
If AOS IS diamster of large circle then ASD is a right angled tnangle with 
BBperpendieolartohTpotenusedB AB — SAO AB — 3.41?* 


No. 10 

1 61 ofafoot - 7 3ia 

2 Bisectore ot adjacent apgles are perpendicular angles at A and B 
ore right angles Angles on some side of transversal together equal two right 
angles their halves are equal to one right angle angles C and D are 
right angles Agam, diagonds of rectangle and bisect one another angle 
DCA — angle BAC = angle f7AX where AX ts the original parallel AX 
parallel to DC 

3 Produce AP to H so that OP — PB It is known by proof of con 
currency of medians that OH — 4AP CO — |OB and CH — }B0 BotBQ* » 
AP* + OR* OH* = OH» + CO* and COfl is a right angle 

6 ^ntre must lie on right bisector of BO and dso on one of tbe lines 
paraUel to A 7 at distance 1 m. from it 

6 AE and BD are diameters and bisect one another Hence ABED is a 
parallelogram. AB — DB 


No. 11 

1 Halves o( base angles are equal. DB — DO, ’ triangles ADB, ADC 

i Diagonals of rhombus are at right angles. Lines joining mid pomts of 
two aides of a tnangle are parallef to the tbi^ side. 



5a 


POINTS ESSENTIAL TO ANSWERS 

n. Draw CX parallel to BA ; •with centre JB, radius 7, describe circle cutting 
CX at D. Then traingle BAD = triangle ABC. Through A draw AY 
parallel to BD, ndth centre D, radius 3, describe circle cutting AY at E. 
Triangle BDE = triangle BDA. 

4. l/'iigth, 7'C8 in. ; height, S-97 in. _ . , . 

5. ^Vith radios *3 and centre os radio?, describe circle, ^rith point as centre 
atid radius w, descfilx) circle. Points o! intersection are required centres. 
Distance is 0-52 of an inch. 

0- Since A is on the right bisector of BO and PA bisects angle BPC. 
ABCP are conoyclic. triangles APB, APO havo saino circuxncirclc. 

Or equal chords AB, AC subtend equal angles at P, circles are equal. 
Ancles ABP, ACP aro not equal, circles coincide. 


No. 12 

1. Ix!t ABODE bo pentagon, and lot O bo point where bisectors of angles 
meet. Tlicn each adjacent pair of triangles aro congruent, 2 sides and 
included angic.s. Hence all angles at bases are equal and=angles of pentagon 
are equal. Also perpendiculars from O bisect sides of pentagon and are equal. 

2. Draw through D a parallel to AC and complete tho rectangle ■with AC 
as base. 

.7. For points A, B, C, D aro conoyclic. 

fi. Triangles BAO,CAD are congruent and AJC bisects angle DAE ; hence 
A;C AH. 

(0 angle BLK = angle BOA = angle BDK, and B, L, D, K are conoyclic. 

(ii) A rectangle .ill . AL ~ rectangle AK . AL = rectangle BA . AD 

= rectangle jBA . AC. 

but rectangle .-IH . .-IL = rectangle A2J(AH -f HL) — square on AH 

4- rectangle AH . UL. 

(iii) square on AH = rectangle DA . AC- rectangle AH . HL 

= rectangle BA .AC- rectangle BH . EC. 


No. 13 

1. Triangles ESQ, GCK, KDJ^t, MAE aro congruent. 

EG ^GK^ KM = ME. 

Also angle E6B -}* angle CGK — angle EGB + angle GEB — 1 right angle, 
angle EGK is a riglit angle, similarly for the other angles. 

2. Fach triangle at comer = ixfXj = 3of tho square. 

/, EGKM 5 of tho square. 

3. Let .‘IB icT a. BC — b, CD — c. Then 

AB,CD_+ AD. BC = oc + 6 -f c) = (a + 6) {b + c) = AC. SD. 

•5. Pap'^r 5. Xo. 5, and use reductio ad absurdtwi. 

5. The isosceles triangle is largest. Mea.surcment = 1-89 sq. in. 

== P’ <?• ■«. *5 lit on a circle. 

.-\l«o CL . CS = C’C . CP = CA . CB = constant. 


No. 14 


", angle B C -5- -i.A > B -j- JA > i two right ongles > right 

angle. A DB = C ^ A > n right angle. rigni, 

® ^ = ‘*2% nt D make 

j pMaHelogram AECB. .tVrea = 4-4 sq. cm. 

rn^ifs.' ’■‘■rfuriio ad absurdum, viz., 2 angles of triangle = 2 right 



TEST PAPERS IN GEOMETRY 


(ii) If circlea cut m 3 points, 8 eofomon chorda both centres whets 
right bisoctors mtereect eireles trould hsTs equal rsdii, which la not true 
6 Draw in e ime strn ght 1ms AB = 3 4. BO = 23; from B draw anj 
line BD = 28 Draw circle ADC cutting DB. produced at E Measure BE 
6 Angle QPR = angle PAB (m alternate segment) = 00 — PBA = ORB 
= PRQ 


No. 15 

1 Let ABCD be quadrilateral and £ intersection of diagonals 

From 4 big triangles ABO,BCD,ODA, DAB ^shAve AB + BC > AC, etc , 
whence sum of aides > sum of diagonals 

From 4 small triangles ABB, BOB CDS, DAE, we have AE -h EB > AB, 
etc., whence twice sum of diagonals > sum of sides 

2 Triangles BAC, DAC are congruent Hence triangles DAE, BAE are 
congruent 

3 See Paper 81, No 3 Tnangics TIEQ, HPQ are equal in area. 

4 Place the two tnanglea with supplementary angles adjacent , they are 
then seen to have equal ^titudes. 

‘^langle AQE = triangle ABC , equal aides and mcludsd angles supple 

6 ll^mall circle cuts OA at Q between O and P and £ between P and 
A tlien OR is longest line from O to small circle the chord perpen 
dicular to OB is shortest chord that touches smell circle The diameters that 
touch small oirolo are the longest eber^ 

6 PQ 18 chord subtending constant angle. radius of eireumcLCsIe is 
eocitaet, etc 


No. 16 

2 SS6ft 

3 Let QP produced meet BA produced at It Angle OQP angle OBR 
Therefore PRB = QOB = POA - 43* 

6 Angles ££0, 5£C are right angles £.£.£. C are conc^ho, etc 

6 Angle PAC = angle CBA (alternating segment) = ancle GAB 

AD 18 at right angles to CA and therefore bweets tbe angle supplementary 


No. 17 

2 P IB intersection of right bisector of AB eai the bisector of angle B 

3 Suppose AD = a, BC = b, and a > 6 Draw CE perpendicular to AD 
CD* = C£* + DD* = {0 4- 1)» + (o-6)« = 2(<i* + i>) = 2(AD» + BC) 

4 Angle BAC = 180 -BAP = |(360 - 2BAP) = {{360 -BOP) = { reflex 
angle BOP 

5 On radius OA as diameter describe circle , with centre B end radius 
BA describe circle cuttmg the last circle at C Join AO and produce to P, 
draw BC parallel to AP OCA is right angle m semi circle AP = 2PC 

AP, BC are parallel chords, PQ = AB = BC , also angle BAP = angle 
CPA angleBCA = angle BAC =■ angleQPA BC laequal and parallel 

to PC PC = BC and AP = 2B0 

C Triangles DAF, EAF are emgruent, two sides and included angle 
angle AEF = angle ADF = right angle Hence A £, P, D he on a circle 
Produce HF right bisector of AB to meet DC at Q Tlien angle FEQ = 60* 
and triangle EFG is half an equilateral triangle 

. DF^FE = 2GE = 2CD (l - = CD (2 - VJ) 



POINTS ESSENTIAL TO *‘\NSWERS 
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No. 18 

1. Triangles BAD, CAE arc congruent, tvro sides and included angle. 

" Draw PQ rarnllcl to X.-I meeting .rlF at Q. On QT cut oG QB — Q.d. 
Join BF and produce to tn^viAX nt C. Then BC is bisected ntP. Or method 
of Taper C. Que^.ion 2, can be u.scd. 

a. Join BE. Triangle BEF = J triangle ADE, triangle BEG = * parallelo- 
gram ABCE. triangle BFC = i trapezium ABCD. 

4. Both angles are equal to . JED. _ 

5. Let P be point oi contact of third tangent. CO bisects angle ACD Md 
DO bisects angle BDC, and those angles are supplementarj-. COD is a 
right ancle. .• OP' = CP . PD (Paper 1, Question 4) = AC . BD. 

G. BQ- - BP . BA = APK BQ = BE = AP. -41? = BP. 


No. 19 

1. Triangles .4DB, PEB are congruent. A angle ADD = angle FBE, 
angles ABD -p FBD = angles FBE -h FBD = 2 right angles, etc. 

2. Angles EDB, AEB are obtuse. Hence DE < BE (triangle BDE) < AB 
(triangloABE). Place triangles so that right angles coincide, then A faUs 
i>etween F and D ; hence B must fall beyond E. angle ABC is less than 
angle DBF. 

3. Measworaent = C-7 sq. cm, 

4. If .4D is median, and AE the perpendicular on BC, then 
.4IP-.4C* = BE'-EC' = (BE + EC)((BE-£C) = SBC . DE.^ _ 

.■). Centres of both arcs lie on the perpendicular to PQ at Z. XY = 7-15. 

0. Draw right angled triangle haring hypotenuse PQ, and PE = 1 in. 
Required line is parallel to QE at distance 2 in., on side remote from P. 


No. 20 

1. s = 2p. ;/ = 30, r = 72. .4D = DS > DC, 

2. I.,ot fall .4D perpendicular to XY, produce to E, making AD — DE 
Join BE cutting AT 1' nt C. 

5. Draw DE perpendicular to AO and therefore parallel to BC. Then 
CE ==10.4. etc. 

4. IB, EB bisect odjacont angle. A IBE is a right angle ; so also is ICE. 

Ti Triangles -4CD, BCE are congruent, two sides and included angle. 
.*. angle CBE = angle DAC. Hence, angle BED = angle ACB = angle 
.4BC. Circle BDP touches AB. 


No. 21 

^ lino XI* parallel to b.aso AB at distance 4 cm., such that 

.4X YB is a re-'tangle. Triangle of minimum perimeter is the isosceles triangle 
C.'B, with .4D iv.s hose. Produce BY to D, mnldng I’D = BY. Take anj' 
point P in XT. Tlten CB - CD and PB — PD. How AP -f- PD > AD. 
:. 41’ -1- PB > -40 + OB. 

3. Draw AB 4-S ; mark oG AP =3 3. PQ = 1. On .40 as diameter draw 
f '-•ni-circle cutting PE (p-rpendicular to -4Q) nt E. On -4B as diameter draw 
^ms-cimle. through P, draw parallel to AB meeting this semi-circle at S. 
Draw SC perpendicular to AD. Then 

.40 . OB C5« = PB« « 4P . PQ =3 3 sq. cm. 

4. Radius 33= 3-3 cm. 



TEST PAPERS IN GEOMETRY 


6 If £ and £ are oa tame aide of AD, then angle ABD = angle AED 
It £ and E are not on tame tide of A2>, then angle ^£i) + angle CD =s 180* 
6 Bisect AB at C, A and £ being tbe centres of the circlea Draw QPS 
perpendicular to PC For proof, let fall perpendicular on QB from A and £ 


No. 22 

1 Distance 95 1 yd. 

2 Angles at point = 5X1 80* — 10 angles at bases 

= 6 X 180* — ttnceextenor angles of pentagon 
= 6 X 180*- 2 X Aright angles = 180* 

3 Diagonal AC cuts OD at M and EF at O Since F and £ are imd points 
of CD and CE, FB is parallel to BD and bisects BC * AO » 3CC, and 
triangle AFQ = 3 triangle CFO , tnan^ AFE = 3 triangle CFE Also 
triangle CFE = i triangle CBD = | parallelogram tnangle AFE ■+ tn 
angle CFE = i parallelogram. 

A Drair an^ chord of length 3 P and tniA pomt Q Draw coocBokrte ctrdc 
with radius OQ From F draw tangent to uis circle cuttmg outer circle at 
/land£ 

5 Produce A£, jomiag tbe two points to meet Ima at P Determine PQ 
the side of square equal to rectangle PA PB. and along line mark oS PC 
equal to PC Circle A £(7 is reqnir^ circle, there are two solutions, as PC 
can be marked ofi in either direction 

8. Bsverss the proof tor making isosceles tnangle with each of tbe angles 
at base double of the angle at the vertex 


No. 23 

1 Draw Ime A£ and erect equilateral triangle BAC , draw BAD pet 
pendiculartoAB Buectao^eOAD 
S 17«-ia«-.3x 4-l2<121 17*<J3*+ll« 

tnangle is aeuts angled and cireumcentre is inside 

4 (i) Bisect aro Afi at C, then an^e AOS * 2 angle AOO = 8 angle POQ 
(ii) Chord AC = chord £C chord AC > { chord AB > chord PQ 

. angle AOO is not equal to angle POQ Hence angle A0£ is not double 
angle POQ 

5 Since ABD =. AOD, quadrOateral is cyclic ££ BD = AB EC 
. ED — 3 Draw AO •» 3 5 cm and cut oB AB ••2 cm On AE describe 

segment to contain an angle 100*. in it draw chord EB = 1 cm Produce 
BE to D, meking ED •< 3 cm 

e (i) AP - AQ flP - BR, CQ = C£ etc 

Cu) AX = AD-BX — AB- BZ AT =• AC-CX, AX = AF 
2AX •« A£ + AC-£0 

(ui) AO + CB = ACd-CQ~AQ^AP = AB + BR 
AC-AB^BB CR 

AC-CZ AC-CT = AT = AX = AB-BZ 
AO-AB = CZ-BZ 

2{AC-CB) = BB~BZ + CZ-OR = 2ZR 


No. 24 

1 Anglo ABC = angle AOB = 75* , etc 

2 Through P draw a parallel to eithw cbagonal of parallelogram ABOD 

3 liSt p m , g m , be lengths of perpendiculars from opposite vertices on 
diagonal of length 8 m Then area = {x8x(pH-q) p4-g = 6 = other 
diagonal. * the perpendiculars coounde with diagonals, i e diagonals are at 
right angles Second part SoKom by Pftb»gor»3 
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POKTS ESSEOTAL TO A>JSWERS 

*1. Df'Scrilx> concentric circles t\*itb radii (4 3), (4 — 3), and (6 -i" 3)» (5 *3) 

u'SixKrtivcly. The points of intersection give possible centres for tho third 
circit*. 

5. Quadrilntornl PUAL, PKBL, are each cyclic. Angle PLH = PAH 
(fiame segment) PBA {alternate seg ment) — PKL (same segment), etc. 

0. Triangle is right angled. V2- -r 1*. Vt “ side of square = rect- 

angle 7 bv 1, A neat method is : Draw equilateral triangle ABC t\-ith side 
3 cm. Le't fall -4D perpendicular to BO ; product' DC to Ji, making DD= 2 
cm. AVith D ns centre, radius DA, describe circle cutting AD produced at F ; 
with A ns centre, radius AE, describe arc cutting pretdous circle at O. Triangle 
AFG is required triangle. 


No. 25 

1. PB — 4-Scin., QB = 3-Ccm. 

2. Bv book-work. D£ is parallel to BA and DP to CA. Hence AEDF is a 
jntr.allelogram and diagonal AD is bisected by diagonal FE. Also triangle 
FjF.F — each of tho triangles AFE, BDF, CED = J of triangle ABC. 

3. See Paper IP, Question 4. 

Or, if AB > BC, ADB is obtuse and AB- — BD- -f AD- -p 2BD . DX 
ADC is acute and ACT- = CD- -f AD- - 2CD . DX 
AB* - AC* = 2BC . DX. 

4. Let fall CD pcrjtendieular (o AB, then rectangle AB. AD = square on AC. 
r.. Make AOB= 40°. ABC= 95°, CD= CB. Angle, BAD = 2«BAC = 130°, 
(!. Lot circles intersect at AB ; the common chord AB produced is locus, 

for if B is any point on that line, rectangle PA . PB = square on either tangent. 
If circles do not intersect, let A and B be centres and B, r the radii. 

Let BQ bo perpendicular to .4B. Tangents arc equal. .•. PA*-B*=PB*-r*. 
.-. BA’ - BB’ = B* - r*. A<?* - QB* = B* - r*. 

.-. (.-IQ -f QB)(AQ-QB) = B*-r*. 

.'. .-IQ-QB (fi*-r*) ^ .-IB = constant. 

Q IS a fised point, and locus of P is perpendicular to AB at Q. 


No. 26 

1. Three lengths must lx> measured. 

2. Triangles .4BB, .4CQ are congruent (1 side and 2 corresponding angles). 
-IB = AQ and bonce angle APQ — angle ACB. PQ is parallel to CB. 

3. Square .4B = parallelogram ACHL. (Same base, AC.) 

But angle UCF = 90 - .4C/i = ACB. triangles ABC, PHO are con- 
gruent (1 side and 2 corresponding angles). CH ^ CB = CD. parallelo- 
pram .ACliL — rectangle CK. 

4. .Vnglo XCE supplement of BOX — XAB = XCD (since XB — XD). 
5 D.4 ~ DB = DC (tangent from external point). angle BAC is a right 

angle, BD bisects BDA, QD bisects CD .4. PDQ is a right angle. 

6. TaV;e any jioinl C on circmnforcnce and draw tangent CD = AB ; -with 
centre 0 of circle as centre, and radius OD, draw circle to cut AB produced 
at B, etc. ^ 


No. 27 

1. Anglo ABC <= angle ACE. angle DEC — angle BCE. 

Angle .ADB = angle ABD. ancle BDE — angle DBO 

together equal half angles of quadrilateral 
liDhC, th and BD arc parallel. 

2. S.v. n0\ 05®, 70®. 

Arla^^i’y Tc X 7-s"J C2A sqAm 

U— !I!K) 
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TEST PAPERS IN GEOMETRY 


4 Ubc first part twice, doaUe, add 

S. Draw perpeodieviar at S Jon 3C a&d produce to cut circlo at £ , 
]om £0 and produce to cut pespendicolar at f £*18 centre of cue of required 
circles Join BD to cut cirae at O, prodnce 00 to meet perpendicular at H 
H IS the other centre 

6 Let FEQ be tenant to cinde ABE 

Then angle P£0 « (alternate segment) = fTCD . P£Q it 

a tangent to circle C£D 

Let RES be common tangent to oirclea ADE, BCE 

Then angle ADE » ABR (between chord and tangent] = SEC = EEC 
(alternate eegment) % AD ptuanel to BC end ABCD is a parallelogram 


No. 28 

1 Od «• Od*. OB = OB'. AB = d'B' angle AOB = angle d'OB' 

2 AP equal and parallel to J>0 * PQ equal and parallel to AD and BC 
, the two parts of intercepted paraUelogram equal the two parts dQ, BQ of 
parallelogram ABCD 

3 BD* s 6S*-60> 25*. CD* •> IS6*-£0* w 144*. Qc » 1S9 and 169*- 

156* » 65* 

5. Diameter is 10 cm Shortest chord is B cro 

6 0 descnbet an are of a circle, centre C. radius CO, intercepted between 
perpendicular to AB at A and perpendicular at same dwtanre on other wde 
of BC A describes arc of circle, centre C, radius CA, so tbst angle dCd 
V angle 000 fid » 20 in 


No 29 

2 PH. RL. <iK are pataUel and PP - BQ HL = IK 

OL^OB HLaaAOL ^OR-KL 20L - OH -f OX 

Through R draw SRT parallel to OR meeting PB at S, RQ at 3* (either 
produce!^ il necessary) IVianelee SPP, QRT are congruent, and SP = TO 
&nce 2fiL - BH + QK 

3 Area «> d Idaq cm 

4 AP* 4- BP* = 2d0* + tPO* PO u constant 

5 Quadrilateral DfiCfi uejclic 

6 l^aw fiC ~ 1 in , and perpendicular CO « ^ in 

Centre D, radius DC, draw arc cutting BD, produced st B 

Centre B, radius BE, draw circle 

Centre C, radius BE, draw cude. cutting previous circle at A 

ABC IS required triangle 

Let F be point where B circle cute CB produced. Jom AF 
Bectangle Cfi CF^CB fi£’4CB* = CB Bf’ + fiD*-D0'. 

»CB BF {BD -P DB){BD - DC) 

’-rCB BP -PBFiBD-DC) = BF[2DB + BD-DB') 

- BF* 

,.CB CF = CA* (7d touches circle dSB angle BAG = anglaBFd, 
but angle dfiC (at centre) ^ 2 angle BBd (at circumference] dfiC = 2fidC 
and fidC = 36* 


No. 30 


1 By usmg Pythagoras, it le seen that DE > CB CB > CB angle 
Odfi > Cdfi See also PapCT 19, Question 2 

2 D£ u parallel to fid, equal to Idfi equal to l^c. DK is 1£C. but 
DB la also *££■ DB ^ Z>K 

But HR IS parallel to DO and AB is perpendicular (o BO AD is pet 
pendioular to SK, but DH = DK AD is the right bisector of HR 
AB AK 



11a 


POINTS ESSEOTIAL TO ANSWERS 


3. First ninkc parnllelogram equal to square, with sides 2 in. and 21 in. 
Then make rliombius with side 2i in. equal to parallelogram. 

•1. Draw triangle and about it describe circle. On AB describe seg- 
ment to contain angle 1*10°, arc cutting AC at O. Produce AO to cut circle 


at D. CD 2-2 in. ^ , 

3. Draw any radius OA and make .4 OB = 1C0% let foil OC periiendiciilar 
to AB and draw a circle with centre O and radius OC. From P draw tangent 
to this circle, cutting former circle in Qll. Tlio minor segment cut off by 


QB contains 100°. 

0. iVnglo DBK = angle DAC == angle EBB. :. triangles BBK, DBE are 
congruent. DK = BE. 


No. 31 

1. .loin EO, I'O ; triangles AOC. BOB are congruent. AC — SB. 
AB — BP and triangles KOA, BOP are congruent. angle EOA = angle 
BOP, etc. Or, diagonals bisect one another, ACBD is a parallelogram. 
AP. equal and jiorallcl to BF, etc. 

3. First make square equal to 20, i.o. 5 by 4 rectangle. Divide lino 10 long 
so that rectangle contained by parts equals the square. 

4. (i) Diagonals bisect. quadrilateral is a parallelogram in n circle, 
n rectangle. diagonals are diameters. 

(ii) CB is bisected at 0. :. triangles BOC, AOB are congruent and 
40 w OB. 

6. Triangles .4ifC, BBC congruent. angle BAC = angle BBC, etc. 
Chord .4ij = chord CD. aro4B = arc CD. angle 4CB = angle C4D. 
AB and BO are parallel. 

G. (i) Join <?D. Anglo PQB = iADB = 30°, angle QPB = ACB = C0°. 
QBIt is 90° and Qli is diameter. 

(ii) Anglo = 4.4DB = 30°, SBB * 90°. ASB = 120°,40B=60°. 
.*. 4^ is on circle ACB. 


No. 32 

1. 10-4 ft. 

2. If ABCBEF is hexagon, produce B.4 to meet EF at Q. 

Knch angle of hexagon is 120°. 

angle .-WP = 120-00. GO. AGP ABC = 1S0°, etc. 

3. Fig. liACB is a parallelogram. BA = BC, similarly AQ — BC. 

Henci' ix'rpcndicular from 4 on BC is perpendicular bisector of QR. etc. 

4. CO CB. :. angle OC.4 = 2 angle BOC; also angle 04C = OBC=BOC. 
'. 40D =- 3 times BOC. 

5. I.et B Ix^ point of contact with BC. AP — AB BB, 40 = XC -1- CB. 
'. -IP ■■■ -•10 ~ perimeter. 4/* — t. 

0. Length S-48 ft. 


No. 33 


1. Triandcs P.4C, 04B are congruent. angles PBX and OCX are equal. 
Triangles I BX, QCX are congruent. BX = CX. Triangles B.4X, C4X 
arc concruent, otc. 


2. Produce AB to D, making 4B = CD 4-6. Make BC = 3-6, BC = 3 ; 
complete parallclognmi AECB. 

3. (i) Triangles B4B, D4G are congruent (2 sides and included angle), 

.•.rectangles are equal. ^ ‘ 

(ii) )ji triangle D4B. DB* ^ D4= -p 4B= - 2D4 . 4fr, and 
DB» D4‘ -f 4BJ - 24B . 4 L, etc. 
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TEST PAPERS IN GE05IETR\ 


4 ParalUlogTom mgcnbcd m orde iipposite angles equal an 1 supplemen 
tai 7 a rectangle Faiallelogram d^nbed about cucle oppos t« a des 
equal and one pair of oppoa ie e des — other pair of oppoe to a dee (Paper 5 
Quest on S) all s des equal 

6 Let be eommon eWd then PT* = P.4 PB PQ PP PT 
touches circle QBT 

6 B(7 - 3 g-’ CA _ 4 4* dB »= 3 11 


No 34 

1 Cut q 9.<£ from dB equal to dC Ttianglea ABB are congruent 
and DE = BG 

Angle BED > ADE > ADC and ADO > EBD 
BED > EBD BD->DE-p-DO 

2 Draw perpendiculars DBP and EQQ to BQ at B and C Draw two 
parallels to BO at distance Scm one moetmg the perpendiculars at D and E 
the other at P and Q On BC aa diameter descr M circle cutting DE at H 
and K and FO at L end AX The parallels now read DBKE FLJJO The 
eompleteloeiuisicadeupof thefourCmteliaesBB KE Ft 310 

3 0 urn d point of £A and CP parallel to AB F la rnid point of BE 
Also DC = A8 2CP 

4 Draw cirels first is it place chord BO — 2 ta etc There sre (wo 

SOlut OQS 

5 ProTS PC u a tangent to tl ec rcl« AGP Angle PCA — ABB (parallel) 
iw ASO (same seemeat) etc 

6 Qusdrilateria PQBS can b« superposed on quedrilatersl XPQB 

PS XR 

Also from triasglePAX QBB AT BR XB — AS 

CorutnuMn, E^omAGcutofiAB ^ draw parallel to AB meeting 
BOatB etc 

’’QBt-QRt 2qBmQRy/2 AP + P<3^i3B-.AB *(1 + V^j-a 


No 35 

1 fVom triangle ABG BPB AB DF ABPBisa parallelograni etc 
" Area — 4 13»q in 

3 Pentagon = J[HP + LB + AH) - |[AO» + BG*] 

— HAC^ + 2BG» + SAC CB\ - ilAC* -h CF‘J + AC CB 
6 Angle B 60 CAB = ABB and CA is tangent to circle ABB etc 
6 AB bisects angle BAG and eo passes throi^h I 
Angle DJC -JAO-h ICA - i(J + C). 

Angle DCI = BOB + ICB DAB + ICB - J(A + C) etc 


No 36 

2 Tr angles XAZ YBX ZGP am congruent XTZ is equHateral 

Let P be m d po ni oi TC Then irtao^e XBP a equilateral XY is 
perpend cular to BP 

3 First make parallelogram on base 5cm equal to rectangle with one 
B de 6 cm etc 

4 Indirect proof Take AB to taseot angle and meet circumference at D 
Then aro BB — are J3C ebord AIB a sibo^ JIG J> is im juiiyiendic ilar 
bisector of BC 

5 DE IS common chord of two eirdes having as diameters 

6 D Stance of A from B tbs m d point of BC isJAG 


I AB and CH 



POrNTS ESSENTIAL TO ANSWERS 
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No. 37 

1 . nnc = 50 °. 

2. VF is ptirallol <o CA. FA > PF, DQ > DP • 

3. Draw DO parnllcl to PC. 

5. On AD ns dinmetcr, describe scmi-circio, in it place chord BO = 1-9 m., 
c. 

C. Lot conunon tnnccnt nl A moot PT at S. 

Ancio HAT ^ APT + ATP, but ATP = TAS nnd APT = QAS. 
angle BAT = angle ^.4?’. 


No. 38 

2. DD nnd CE are Uvo medians of triangle ACD. 

3. Distance = miles = 1'32 miles, 

4. Anglo is 00°. 

5. Anglo, is 40°. 

0. Equate tsvo values for PA - + PB- + PCL 
P lie.s on each circle. 


No. 39 

1. House is centre of circumscribed circle. 

2. C7r nnd 13.7°. 

3. Angle ACD is a right angle ; also PD — PB. 

Hcnco AP‘ + PB- = AP* + PD* = AD* = AC* + CD* ; cto. 

4. Line joining any two of tho centres nnd lino joining tho other two bisect 
adjacent angles nnd are therefore perpendicular. 

5. .4' = 00°, B' = 59°, C = 56°. 

0. Triangles .4i?P, ACQ are congruent. APB = AQX. .'. A, P, Q, X 
are on a circle. So nl.so aro .4, B, C, X nnd Ailf is common chord of two 
circles, etc. 

No. 40 

1. Triangles BCF, AED are congruent. BF = DE. Honco AC bisects 
EF, etc. 

2. If .4D is median, triangles BDA, CD A are equal; so also are BDO nnd 
CDG. remainder .4GZJ = remainder COA. 

3. Draw EF parallel to D.4 to meet BA produced at H ; draw CK parallel 
to DB to miN't AB produced at K. DHK is required triangle. 

4. Triangles .406', BOD are congruent (2 sides nnd included angle). 

fi. BFEV are concyclic, angle AEF — angle B. SimUnrlv DEC ~ angle 
n. DEF = 180-2P. ■ 

But BC is diameter nnd P tho centre of circle BFEC. • angle FPC = 2B 
.-. PPD 4- DPP = 1S0°, i.c. D, E, P, P lie on circle. 

0. OP nnd OQ are at right angles to AD nnd BC. 

Ancle -400 — 2 angle .4BC nnd angle BOD — 2 angle BCD. 

. . ,406 -r BOD ^ 2 right angles, BOC 4* AOD ^ 2 right angles. 

COO + AOP = 1 right angle = -40P + PAO. Hence COQ = PAO. 
triangles COO. -40P are congruent, and OP = CQ. 


No. 41 

D is mtersection of bisector of exterior angles at A nnd 0. 

Triangle BCG — triangl^' APB (equal bases, same vertex).' 

IViangle GBF triangle GDE (equal bases, same vertex) 

== triangle DEC -f trinncle DCG. 

.... ‘’■’’“R'*? A.DC, since triangle DC A ^ trinncle ADE 

. triangle El 0 .— EBC 4- BCG 4- GBF = quadrilateral ABCD. 
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4 Locl are lines parallel to AB at distance 1 2S cm 

On AB ae diameter deacribe circle m it put chord BC 3 5 With centre 
A radius .dO, describe eircde cattmft loci at F and C etc 

5 See Paper 40, Question 6 thorn XPO => ZPX 

6 Suppose AC greater than i4B Cut ofi AD = AB , then ABD, dQfi 
axe both equilateral 

AR RO = Pa eS=.PQ BS+QR RS 
AR RD =AQ Qfl = FO OR + PQ R8 

AR{RC-RD)=^QR{Ra-PQ) AO~AB = QS-PR 


No. 42 

2 Triang1e8dBF,C£>Foqiielinarea(eqiulba!ios betrreen same parallels] 

3 AB* ^ AC' + BC>-StC CD<^AG* + BG CD + BC BD-2BCCD 

« AC* + BO CD 

4 Ilight bisectors of AB and BO meet at F 

5 Draw BG at D make CBl 20*, draw a parallel to BC distant 1 in 
to meet R/ at/ Descnl>etli4 insctib^ circle with centre / Prom R and C 
draw tangents to meet at A 

6 Squares o( tangents (roro point of intersection equal same rectangle 


No 43 


1 Produce BP to cut AO at D 

BA AO - BA + AD + DO> DDA- DO> SP -i- PD + DO 

> BF + FC Angle BPO > PDO > BAG 
Neither converse is necessarily true 

2 Angle OAD angle BAD ^ angle ADC CD » CA 

II BD were parallel to AC 6gure would be parallelogram end CD w AB 
Hence AB would equal AO, which is Itnown not to bo true 




4 R mid point al hypotenuse OR = }FQ ^ constant 

5 Angle ADC~ angle BilD arcXC=areRD chord AC= chordBD 
Lft common tangent QPJt ent BO mt Q 

^ An^t,PBP = RPF{<:hOTdtoiUnBmt) = BPQ =‘BAP RFisparallel 

4ngle BPC = 180‘ - BDC = DBF — 180 FPD — BPD 
5 Median AP ^ JAG = 30 Draw AD and erect perpendicular at D 
cutting circle centre A and radius 3 6 at F Draw perpendicular at 
P to PD cuttmg circle centre A and radiua 2 at 0 the centre of the 
circumcucle etc 





POINTS ESSENTIAL TO ANSWERS 


15a 


No. 44 

1. Triangles ADF, BCQ are congruent. DF = CO, and EF EO. 

2. Anglo EFG = G0° = anglo FDC. 

3. Make square equal to roctnnglo 1 by 3. 

•1. If D i.s mid.pomt of AB, PA» + PB' = SAD* + 2PU». A point P is 
such that DP is greatest. 

5. Diagonals bisect adjacent angles ond oro, therefore, at right angles. 
Bv' congruent triangles, the diagonals bisect ono another. Hence quadrilateral 
is' a rhombus. 

t). Angl-' PBQ is a right angle. ABItP is a rectangle Md AP = BE. _ 

If 0 is mid-point of PQ, porpondhcular from O on AB bisects AB and XY. 
: AX r= BY. AX -f AD = Jsr -h AT = n : also BX . BY = AX . AY. 
"nut BX.BY — BE . BQ = I X b = b. AX . AY = b. .-. AX. AY are 
roots of a:* - cx -f fc = 0. 


No. 45 

1 . Point is intors^ction of diagonals of the parallelogram. 

2 BG ~ 2"C7 cm. 

3. B, y, X, C are concyclic. .*. AX . AG — AY . AB. 

BC^ = BA* -1- AC*-2BA . AT = BA*-BA . AY + AC^-CA AX 

= BA , BY + CA . GX. 

•1. Draw any trnnsvcrs.sl and bisect tho four angles so formed. Lino joining 
points of intersection of tho bisectors would bisect tho anglo between original 
lines. 

5. Produce B.-l to CD to meet at E; lot S denote somi-porimoter of triangle 
PQE. Then SB = SC = S, SA SD = S-PQ. AB = CD = PQ. Sco 
Paper 23, Question G. 

0. Angles ABB, ABS ore right angles. AP . AE = AB* = AQ . AS, otc. 


No. 46 

1. Mirrors are perpendicular bisectors of line joining point to images and of 
line joining sncccasivo images. .'. OP — OP^ = OF,, etc. 

2. Through H draw PHQ parallel to AB and XHY parallel to AD, meeting 
A D in F. BO iaQ.AB in X, DC in Y. 

Triangle AHC triangle AHD -f triangle DEC = triangle ADC. 

.'. 2,-lf?0 -f- lAlID -h -DUG = parallelogram ABCD. 

:. ^.iTIC -i- 2AHD — parallelogram ABCD -parallelogram DPQC, 

■=> parallelogram AFQB = 2 triangle AHD. 

:. AHC AHB - AHD. 

4. Place any chord = 2-0 in circle, bisect it at O ; draw concentric circle 
touching chord at C. From F draw FAB touching this circle. 

.\ngle OBA — 0.4B — .-IBB (alfcmato segment) = AXO {parallel). 

.y is on circle O.-IB, which passes through 0. tho centre of original circle. 

.•. OXC 0--IC != right angle, so X is mid-point of PQ. 

C>, Let 0 L'« centre of circle ; on OC as diameter describo circle, cutting 
AB at P. Join CD, cutting circle at D end E. 


No. 47 

1. Triangle ABO, PQE congruent ; triangles ADC, PSE congruent 

2. KDB Pn® -BBD — 90®- ACB = BDF. “ 

■t. .-tD* sE- AB* -f BD^ .-IC* -i- 2.-IC. CB 2BC’, etc 

5. Bi-scctlinejoiningccntresntC; join AC. draw FAQ atrightonglcsto AC. 
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6 Draw isosceles triangle with angles at base double angle at vertex 
describe a circle about it Bisect ai^ea at base 


No. 48 


1 Triangles BAQ, CAP are eongnunt 

2 liCt QA be perpendicular to ¥X, QB to XZ Through T draw parallel 
to XZ, meeting Q£ produced at C. Q<7 is perpendicular to ¥C, angle 
OYZ=-YZX=ZYX . QO = QA OX -CO •= BO = constant. 

3 Construct triangle XBS, having XQ = { X 4 6, BO = { X 3 5 Q is the 
uitersector of medians AD and BB, etc 

4 (i) Produce DC to H, making = CD. XH cuts XO at point B 

(ii) Produce FD to K, making DX = FD, let fall KL perpendicular to 
AC produced, and produce KL to k/, maloog Lil = LK , XK cuts AO at 
point 0 After striking AC the ball moves towards K, after striking CD it 
moves towards P 

5 Semi perimeter 12|in Lengthsare 12) 12} - 10 121-6 XB s= 12^ 
(see Paper 23 Question 6) 

6 TakeBinaroXB Join HB, KI., required to prove Bi^ + BBH » 2 

right angles 

PLK = BXK(PKXi cyelic) = PBC(PABC cyclic) - 180-BBH(BBHB 
oyelie) 


No. 49 

1 34 7ft 

2 B IS intersection of median of tnanglo ABD 
S (i) 



4 Let XBCB be quadrilateral and H K tbemid pomtsof diagonals XO BD 

XB‘ 4- DC* -= 2DH« + 2HC* AB* + BO* = 2CH* + 2Bfl* 

AB* + BC* + CD* + DA* 4HC* + iHK* + iDK* 

, = AC* + BD* + 4ffK« 

5 Badu to B and C make equal angles with AC and are parallel tangents 
are parallel 

Angle CED = angle between tangent at C and chord CD = angle CDE 
(parallel/ CE = arc CD 

6 Draw circle, centre I radius I 3 m Draw any radius IE and tangent 
at E With centre J, radius 2 Sin., stnke arc cutting tangent at X. and draw 
XQ the other tangent FroduceXBtoP, making BB = 4, draw PB perpen 
dicular to XB, meeting AI produced at B With centre H, radius BP. 
describe circle. Draw transverse commcm tragent meeting AQ at B, and 
X B at C. 



POINTS ESSENTIAL TO ANSWERS 
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No. 50 

1. AP + PB > AB, etc. AP + BP + CP > half sum of sidcB. 

AP 4- PB < AG + CB (Pnjwr 43, Question 1), etc. 

,flP 4- BP + CP < sum of sides. 

2. Let bi.Bcctors of C nnd D of quodrilntcriil ABCD meet (it E, and of 
A nnd B meet nt P. 

AnRloA’ = ISO-IC-JA (inRlo P = E + F -= 180*. 

If E ~ 90°. JC + ID = 90, C 4- /> = 180°, nnd DA nnd CB nro parallel. 

3. Draw AB = 3-i' produce (o E, innking AE = C. With centre B, radius 4, 
and ivitli centre E, radius 4'3, describe arcs cutting nt C. Complete pnrnllelo- 
gram AECD. Area = IS-Osq. cm. 

4. Circle on OP as diameter. Longest chord is diameter, shortest is per- 
pendicular to OP nnd is of length S cm. 

5. Drnir nny circle passing tlirough given points A nnd B, nnd cutting given 
circle nt P nnd Q. Produce AB, PQ, to meet at li. From R drnw tangent 
RT to first circle. Circle ABT is required circle. 

6. If inscribed circle touches sides BC, CA, AB nt D, E, F respectively, then 
circle.s with respective radii AF, BD, CB nro required circles. 

.4 = 120°. B = 20°, C - 40". 


No. 51 

1. Triangles ACP, BCQ nro congruent. .*. .4P = BQ, etc. 

2. Similar to Pnpor 49, Question 4. 

3. Anglo ADC = .4PC-!-B.-lD= I.40C-i- IBOD = lAOB+iBOD = iAOD. 

4. Draw isosceles triangle with base 12, height 8. Inscribe circle in it. 
Bndius is 3 in. 

5. -IP = }.1Q and A(? = \AC. AR = %AC. AP ; PC = 4 : 5. 

G. If AP = %BC == -/S, AC = 1, CD = 2 -f vs; AD = Vg -f iVz 

= V2(v^ -f 1) 

.•. sin 15° sin .4DC = = *2088. tnn 16° = -pz 

V2 {V3 -pi) 2 -f Vs 

r= 2 - V3 = -2679 


No. 52 

1. PQ nnd P5 each parallel to one diagonal, so nro PS nnd QR, PQRS 
is a parallelogram. 

2. Bight bisectors of AC nnd BC moot nt F. 

3. .Angles ADC and ADB nro each right angles. 

5. Ijot OA : OB = OC : CD ; place them ns in the 

figure. 

Then P ; R ^ OA OB 

Q :Rt=OC : OD. P = Q. 

Triangles POA, PAC nro similar. 

.*. PC : PA = PA : PC. 

C. PS ra a - r cos r*, QS = r sin x*. PQ 

= \/o* -p r* — 2ar cos x" 

.*. PQ is grentert when cos x° is least, i.e. x = ISO, nnd least wljcn x — 0*. 




TEST PAPERS IN GEOMETRY 


No 53 

1 Let PQ produced meet AB »t C 'ftienglef APQ BPQ ere congruent 
(Ssdes) an^o ilPC = ergleBPC triangle XPC BPC are congruent 

3 From triangles DAB CBA BD > AC From tnangica DCB ADC 
angle BCD > angle ADC 

3 ^C = 65 angle la aright angle 
Area = tXS6x3a-l-iX6x2S-°16 74 

4 A circle can be inscribed m the quadfflatwal bisectors of angles meet 

at centre ot circle 

6 2P0 = AB 2PR -= 1C PQ PR = AB AC ^ QX XR etc 

6 PQ = PT cos P (since TQR la a right angle) PT ^ TR cot P (since 
PTR IS a r ght angle) 

PQ => 9 e cot 63* IS cos 03* 15 = 2 18 


No 54 

I Four angles are needed. 

5 Make BG k 3 4 angle CDX » 4** and cut oS BZ » 1 6 Draw per 
pendicular bisector e( CX meeting BX produced at A AC -e 3 3 

3 Draw AB 3 2 produce to O making BC 1 2 At B erect perpen 
diculw meeting ecmi circle on AC as diameter at E IVem BA cut off 
BF — 1 7 }oin FE and draw BO perpendicular to EF meetmg AO produced 
at 0 BO IS other a da of rectangle 

Or find the fourth proport onal to 1 7 3 2 13 

4 (i) Perpendicular bisector of AB 

(u) Circle with centre C and radius — a da of square equal to OA CB 

6 Draw isosceles triangle adesStn 3 in 3 m and make a square equal 
to It suppose side IS z in Make another triangle amiilar to former with sides 

n ratio « 2 8 


No 55 

1 117* lOS* 117* 99* 99* 

2 Angle DBA w EAB (parallel) - DAB DB - DA < AB < DC 
4 B/ produced passes tt^iigh D See Paper 3S Question 6 

6 BicB ue^clo smee angles /BB CBS are right angles 

tnsogles BID BCD are equiang:ular BI CB DB DE 
6 Height 14 ft 4 in. Inclmatiob. IS* 29 


No 66 

1 Angle ZQ F IS a right angle 

2 DrawdZparalfeltoZB meeting QFatO AlongBl inarkoffBB~QB 
Join BC and produce to meet OX at A 

3 Smea rectangles are eqnal ABC B he on a circle etc 

4 See Paper 3 Quest on 5 

73* 65* — 128 X 18 94 X 36 — 48* triangle is right angled 

Area = 48 X 55 — 3 Hence redius ^ = 15 

6 (i) See Paper 53 Question 6 

(u) PC CO = CA* _ OA OB XC CT 
Hence PC CF = CZ CO and inelnded angles equal trisnelesPCZ 
OCY are eiroilar 

(ill) PC 00 = ZC 07 P Z O r are on a circle 
(iv) Angles OPX OP T subtend equal chords OX and O F 
6 Distance from A 9 03 mQes dirtanee from road 4 70 mUea Dirrc 
tion 68*38 W offf 
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No. 57 

2. Draw throiigli A,B,C,D lines parallel to the diagonals. 

;). (i) Enoh pnrnllclogrnin = i whole parallelogram - halves of two smnU 
parallelograms. . 

(ii) Triangles ABO, AYP, PKC nro equiangular and similar. 

5. .See Paper 5, Question 5. Angle P = iA + IB, etc. 

0. First make triangle BCD ; on BD draw segment to contam 106 , and 
in it place BA = 3 in. " Area O-S sq. in. Sides are 5 tho sides of ABCD. 


No. 58 

1. See Paper 20, Question 2. 

2. See Paper 19, Question 4. 

3. Draw A'F parallel to .42? at distance 2 in. On .4B as diameter describe 
F-'mi-circle, in it place chord BP — 1-25. Produce AP to moot XF at D, etc. 

4. At Q and 11 draw perpendicular to tho tangents to meet at O. Provo 
OQ = OB. 

6. Di\*ido AB internally at X, externally at Y, in tho ratio 2 : 1. Circle 
on Xl’^ ns diameter is required locus. 

G. 69' 11'. 


No. 59 

1. If 0 is intersect or of diagonals, triangles BOG, HOC are equal, also 
triangles BOB, COB. 

2. Sides of iao.sceles triangle make equal angles with line through vertex 
parallel to base ; therefore their sum is a minimum. (See Paper 20, Ques- 
tion 2.) 

3. (i) Bisect lino. 

(ii) .Ml the rectangles have same perimeter. 

4. (i) Kectangles have same area. 

(ii) Perimeter least when chord is least, i.e. when chord is perpendicular 
to line joining point to centre. 

t>. At .4 make BAC = 221°, .40 meeting perpendicular at B at C. Bight 
bis'xjtor of .40 meets .42? at required point P. 

6. Loci of vertices is circle on hypotenuse ns diameter. area greatest 
when height = radius of that circle. Hence maximum area is 


No. 60 


1. .';2P = 4(60' A 45'). 

2. .loin CB. Angles KAB -f BAG — ISO'. 

angles KEA -f .402? = 90'. KEG -f BCE = ISO. .•. KE and BO are 
parallel. 

3. At 2? erect perpendicular 2?C — 2 in. Draw CD perpendicular to .40, 
meeting .4B at 15. Mid-point of .4D is required point P. 

4. Locus is circle ha\-ing ns diameter the radius to .4. 

4n ^Bc”'”b 2? of contact, meet .4B at 25. Then 


Triangles AHD, BDK are equiangular 
All ; BD AD : BK. 


i,H and K being the centres). 


.425 is mean proportional between radii and AB between diameters. 
C. Part is 14 in. long, i.e. (7 ~ 12)-(12-7). 

Maximum \-alue of 0.42* = tan‘‘ y. >= 30' 15*. 
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TEST PAPERS IN GEOMETRY 


No. 61 

J DrawBffpar»i]ei]to.ADinpotmgDCotII,hjBi>etBHitK JoinifX.JX 
Then EK and FK are both parallel to DO 
Also Eh. = HAD + J)H) and FK = KflO) 

2 Construct trraagle CQU havmg CO =» } X 1 9, QH —1x27, 

/iC <= I X 3 4 

Bisect OH at D, produce CD to B making DB as CB, e|o 

3 Angles ABC, ABD, subtended equal chords, are equal 

4 5asFaMr33, Queaticij)2 Jnacnbei9rcleiSw4fiC),aee)>aper50, Queatii»] 6 

5 Angle PDA = DBA (alternate sogmeat) ADC (similar triangles since 
ADB 13 a right angle) 

PA AC = PD DC » PB BOCsmceDB.perpendiculartoDA.bisects 
exterior angle) 

6 l3>-3 2‘ = 16 2 X 9 8 •= 2 24 X 49 = 1 8* X 7» BD- 12 6 

4«-3 2>- 72X 8=1 44 X 4 = 1 2* X 2* CD- 24 

BC-15. 

ABO - 14* 15 , ACB = 53* 8 


No. 62 

1 Cut oS from DB, DB = .4B Draw BP parallel to DA 

S Draw qwlrdatera^ ABCD Draw CE, parallel to DB, meeting AB 
produced at B 

Bisect AD at P , draw EO, parallel to BP, meeting aD at 0 BO 
bisects quadnlatersl ABCD 

3 Let eiTclos with centres A, B. C, D touch at P, Q, B, 8 so that APB, 
BQC, CBD D5A are straight lines 

Angls AP5 - 90 - M' = 90-ifi angle BPQ = 4A + 4B 

SimUarly, angle SPQ =• iC + iD SPQ + SBQ - J(A + B + 0 + B) 
= 2 right anglea 

4 QuadnlateralAPDCkseychc AR KD^CK hP ate 

5 See Paper S8 Question S 

6 Along AX cut off AP euch that AP* — AB AO m 75 x 91 Angle 
BPC IS maximum 

Circle BPC touches AX at P Let 0 be its centre, and CD the bisector 
o£ BC 


Angle CPB = angle BOD , tan BOD : 


•^78 X 91 


CPB = B* 32 


No. 63 

1 Take any pomt P above AB and between A and B With centre P 
and radius PB descnbe circle Produce BP to meet circle at C AC is 
perpendicular to AB 

3 Draw a transversal cntimg AX and A y Bisect th% four interior angles 
so formed Line jommg the pomts of intersection of bisectors of angles is the 
required bisector 

3 Bisect AB at C Draw AQ parallel to YB and BQ parallel to XP 
QO produced is the diagonal and that would pass through p 

4 In AX take any pomt P and mark off PQ = 2 in draw PS parallel to 
BY — 3cm, and complete pamUelogram PQPS Produce QS to meet BY 
at T Bisect QT at K, through K draw a 1 ne parallel to PB , this is the 
requited Ime (Dse fact that median of triangle bisects all lines parallel to 
base ) 
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POINTS ESSENTIAL TO ANSWERS 

r. Join .-1 nnd B to nny point C on tlio ore AB. At A tnnko angle equal to 
ABO niui at B make angle equal to /f.'ir. 

•loin V to A, cutting arc at D. Find PE the mean proportional to PA nnd 
PB. Circle tvith centre P, and radius PE, cuts arc at points of contact of 
tancents from P. _ 

G. Distance — HV o — “l-iT in. 


No. 64 

2. Draw -XI' parallel to AB at distance 2 cm. With centres A nnd B, and 
radii each S-o, draw circles mooting XT at B and E. BE is the complete locus. 

3. See FaiKT 7, Question 4. 

4. Dosoribo circle to touch throe sides, nnd then reducjjo ad absttrdu7n. 

5. Find a line, by geometrical construction, = Vij. Increase sides in 
ratio Vg : 1. 

G. Construct triangle 1MB with FC perpciuliculnr to AB. From F.4 cut 
off FB = 2 cm., make angles PFt? = G0“, nnd VPQ = 30°. Produce TQ to 
B. making Vli ~ QP. Join B.4 nnd draw QS parallel to BA, meeting TA 
at S. Draw S7' perpendicular to FC. Section is a circle with centre 2' and 
radius TS. 

Anglo .4 FB = 39° 14'. 


No. 65 

1. P must be outside circle with centre .4 and radius FT in. ; inside a circle 
with centre B nnd radius I-l in. 

2. Triangle ABC is half each of the three parallelograms formed. 

.Y.t, a tnedian of XYZ, bi=ccts BC, the other diagonal of parallelogram 
.4B.XC. nnd is a median of .4BC. 

4. Draw intersecting cirelc.s. one passing through .4 and C, the other tlwough 
B and B. The chord of intersection cuts AB at O. 

a. Bisect XAT bv line EO and make ZXO equal to CAP. 

G. Height 20 x sin 5G° 41' .y sin 5° 0' = lSG-3 ft. 


No. 66 

1. Triangles .IBC, .4 'BO' are equal in all respects. 

Iict .40. A'C' meet at B either or both being produced if necossart' : and 
let B.4'. .40 meet at E. 

/Vngte BAC ^ B.l'C', BEA BEA’. ABA' = ABA'. 

2. Suppose .4B > .40, then 1' is in AC produced. Draw CZ parallel to 
.IB. meeting .XF at Z. 

Then CZY •r-. AXB ^ GTZ. CZ — CY, Triimgles XBB, ZCB are 
congruent. CZ BX, etc. 

Note that ami of triangle ,4BC i.« le.ss than area of triangle P.IQ where PQ 
IS nny hue through D. The second part is solved bv drawing BC so ns to be 
Ins '.'ted at B. tii'e Paper C. Question 2. 

3. I.ocus is common chord produced. 

b. Triangles B.iB, PQS are similar (2 sides nnd incl. angle). 

t.. Suppo=- B is between .4 and 0, cons-equcntlv Q l>etv,-eon E nnd B ; then 
/. IS D and O. and .S is in BB produced. Provo SQBP is cyclic. 

.Vngle SQB a. B(?D =. B.dE BOB 

== BBC 4 BOB == DBB, etc. 
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TEST PAPERS IN GEOMETRY 


2 DrawXB = 3 8. on u diameter dsscnba a circle With centra B, 
radios 1 cut oil BC front BA and BD on AB produced On CD draw equi 
lateral triangle CDE Through B draw EF, meeting circle on AB at F 
I^t fall FQ perpendicular to AB Then AO OB — 3 sq in 

3 See Paper 3S Question 5 

4 See Paper 34, Question 6 

AO + OP AO + OQ ^ OQ 

OB-OP “ OQ-OB OP ’’’ AO 

{tompantndo tt divtiendo) 

AB-AP AQ-AB 4^ , AB _ „ 


S (i) -j 


(u) 


AP AQ 


AP 




AP ^ 


AQ 


No. 68 


1 16 right angles. 

5 I,et quadrilateral ABCD be bisected by both AC and BD 

Then triangle ADB triangle ACB AB and CD are parallel, ete 

3 The lines are the parallels to BC at distance equal to radius of giTSn circle 

4 See Paper 60, Question 3 

6 Suppose P is imd point of side AB of a rectangle ABOD and Q of side 
AD SuMt PQ at B Locus ofX ts circle centreB ra^us Locus of 0 
u a circle, centre B redtus 1 { in 

Produce PQ both ways to S and T so that PS — PQ — QT 

Loeua of S is circle on PS ae diameter and of D circle on QT ae diameter 

6 From any point X on DA let fall XY perpendicular to BC and complete 
square XYZW 

Join Bir and produce to meet AC at Q Let fall QJi perpendicular to 
BO, etc 

^ - 35 - Ib 

From triangle* FSB. ADB J = fg ^ * 


No. 69 

3 Perpendicular from C on BD is twice AB O la outside square beyond 
BD or beyond AE angle BAG or ABO is obtuse 

If BAC 18 obtuse AE bisects BC if ABC is obtuse, BD cuts AC in a point 
of trisection 

3 Length = VIs 3 87 m 

S. Angle PTB = 180* - FAB = QAB = 180* - QXB etc 
6 Radius of circle is constant m Imgtb locus is a circle centre O 


No 70 

1 See Paper 3 Question 1 

Or produce AD to E, making DB — AD Join EC 

Triangles ADB CDE are congruent AB = CE , also angle CAD 
= BAD = DEC CB = AO 
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POIlsTS ESSENTIAL TO ANSWERS 

2. Produfo BA to E, making AE — AC. Then AD bisects EC at right 

angle. DE ^ DO, etc. ... j • 

3. Draw CD = 2-5. On CD as dinmotor describe seim-wrcle, nnd in it 
place cliord DE = 1. Produce DE to B, mailing DB = 3 ; draw C-1 parallel 
to EB ond equal to 2. 

AB^ ~ CE^ <= 2-5*- 1' = 3-5 X l-o. AB — 2-29 in. Area = 5-72 sq. m. 

4. 7 4= -7-0 = 14-4 X ;4 = 2-4=, etc. 

<7. Sco Paper 41, Question 0. 

C. OA = 41-32 ft., OB = 37-32 ft., OC = 41-73 ft., OD = 37-73 ft. 


No. 71 

2. Sco Paper 33, Question 2. 

4. If BO = C.4, angle OAB = angle CBA = angle DBO. DB is a tangent. 
If B between B and D, then angle DBO < angle between CB nnd tangent 
at B. angle CBA < CAB, AC < CB. 

C. Triangle ACD : triangle .iBD — G- : 4-5= = 10:9 (similar triangles). 

0. Height = 134-0 ft. Anglo of elevation = 12° 48'. 


No. 72 

1. .‘VngK’s .A ■^B.\-0-\~D — 300. 

Anglo X = ISO- A -D. Angle P = 180 - C - D. .'. X -f Y = B-D. 

Let OX cut BO at E. 

Anglo A'Or = ISO - i - OEB = ISO - ^ ^ - EBX = B- 2-^ 

B + D 

O * 

3. 15’- 13= > 7’. .•. triangle is obtuse angled. Perpendicular = 0-002. 

4. Doscrilx! circle, centre O, radius 3.J in. ; describe circle, centre P, radius 
2 in. The two points of intersection of these circles are the possible centres. 
Distance = 3-92 in. 

C. Anglo ■= 2 cos*’ = 2 cos*’ -9 = 51“ 41°. 


No. 73 

2. Quadrilatornl ABCD is such that triangles ABC, ADC are equilateral. 
Draw BE, parallel to .4C7, nn.-eting DC produced at E. 

Mark oft DP = 2-S. Draw EO parallel to FA to meet DA produced at 0. 
Triangle DEO is equal to ABCD. 

3. (i) Circle having ns diameter lino joining centre of given cirdo to given 

I>oint. 

(ii) Diameter perpendicular to given line. 

4. .4P bisects angle BAD. PX = PY. Also PB — PC. .•. BX — CY. 

-7. D't .VA P be tangent at A to circle ABC. 

Angle X.\B = .'ICB = AQP. XAP touches circle APQ, 

For socond part, draw tangent at O to circle POQ ond similar proof follows. 
Cl. .YO bis.?cts angle A.Yl', and PO bisects supplementarj- angle XYB, 
:. XOY is a right angle. .'. angle BOY = angle O.YA. triangles OXA 
O YB arc .similar. 

Hence BY t OB ^ OA : AX. BP = 20 A = 2fl<?. .-. YQ = radius. 
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No. 74 

2 See Paper 62, end of Queation 2 

4 Centre is intmoetion of perpendiciilar bueetors of AB and CD 
6 CB IS tangent to circle A an^ BCE = angle in alternate Beg;ment 
= } angle CAB Sinulsriy» XCI> — iCBA 
. ACD + BCE = iiCAB + OBA) = J * right angle /, DCE - | a right 

A R “ g>e ofte 

” 2 Bin X 2bosinX **4^ 

For r, see Paper 3, Question 6 

Let 0 be circumcentre , I the meentre of triangle ABC 
Produce 01 both ways to cut circumcircle at P and Q 
TbeaP>-0/‘»PJ JQ 

Produce A7 to meet circle at D Join DO and produce to meet circle at E 
Join DC, DC IS perpendicular to SC 
Let fall 7X perpendicular to AC 
Triangles CDE, AIX are similar (equiangular) 

DZ Al’=7>0 IX. iltr ^ Al DO 
But DC = BJT (Paper 35, Question 6) 

Hence -PI /Q » dJ Dl - AI Z>C - 2Pr 


No. 75 

1 With radius I in , deecnbe circles with centres A and B cutting at P 
With radius 1 in , deacnbe circle with centre P cutting circle with centre 

BatQ 

Circle with centre Q end radius 1 in , cuts circle with centre P at point 0 

2 Draw OPQ, parallel to DA and CB, cutting CD at P and AS at Q 
Triangles DOA ACS + BOC — triangle DOO + parallelogram ABCD, 

but DOA m I parailetograra DQ and BOC » ) parallelogram CQ 

Triangles DOA and BOC « | pamUelogram ABCD • triangle DAC 
Triangle AOB triangle DOC 4- triangle DAC 
tm triangle dOC 4- triangle AOD 

3 Dd IS a median of triangle BOB, so IS PC BP is the third median 

4 (i) Sfake angle 360' — 15 » 24atccnti« . this gives the side of figure 
(u) Let AB be side o! inscribed equilateral triangle and AC a aide of 

inscribed regular pentagon Bisect arc BO at D, then BD DO are two con 
secutive sides of the required figure 

5 By eimilar triangles Od i OD OB OC = 39 

Dmdcndo Od dD = OB BC = 3 6 Od = 2 cm , OB = 2i cm 

6 CosBCD = i BCD*4I'24 
Area = 6 x 6 sin BCD = 19 84 sq cm 


No 76 

3 dPQB IS a parallelograia AB bisects PQ 

5 Let P, 0, A be respective oircumcentres of triangles ABO, dfiD, AC 
Then PQ is perpendicular to AB and PB is perpendicular to AC angle 
gPfi = 180-BdC 

Angle AQD at centre 2dBC dQfi = ABC 
Similarly, AEQ = ACB QAB = BAG, etc 

6 Find fourth proportion to 3 1 cm ,23 cm , 1 8 cm value = I 34 
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No. 77 


2. Set! Pnpcr 20, Quostion'S. 

3. Drii«' liny chord of length 5*2. Draw concentric circle touching this 
chord, nnd from P draw tangent to this circle. 

4. Draw ony circle with centre 0 passing tlirough AB ; at draw AC a 

tangent of lon^h 4 in. With centre O nnd radius 00, describe circle cutting 
.4 B produced in P. _ „ 

Or bisect AB at D, at B erect perpendicular BE = 4. With centre D, 
radius DE, describe circle cutting .45 produced at P. 

5. Triangle .450, are equiangular (angles in same segment). 

0. Inscribed polvgon is made up of n isosceles triangles with equal sides, 

300” 

equal to r nnd included angle = ^ • 


Described polygon is made up of n isosceles triangle with height r nnd angle 
between equal sides 


360“ 


Perimeter = 2nr tan 


180° 


area = nr* tan 


180° 


No. 78 

1. Angle ACQ = 180° - APQ = BPQ = 180°-5D(?, otc. 

2. In right-angled triangle POQ, OR = RP = RQ. locus of R is quad, 
rant of a circle with centre O nnd radius 4 of PQ. 

3. For isosceles triangle, produce DO both ways, draw 5H parallel to AC 
to meet DC at H, and EK parallel to AD to moot CD at K. AIIK is isosceles 
triangle of equal area. 

4. Let circles -TBC, I'CA meet at 0. 

Angle BOC = 1 80° - X ; angle CO A = 180° - Y. angle AOB = X -f F. 

AOB -h AZB = 180°, and circle .45Z passes through O. 

6, If .45® = .4Q . BR, then AQ : AB = AB : BR. try to prove triangles 
A5t?, ADR to be similar. 

By data. RP . RA = 55 . 50. .450P is cyclic. Hence PAQ = P55. 

angle 5.4P == angle AQB, otc. 


No. 79 

1. Angles ICE, IBE are right angles. 5, 1, 0, E lie on a circle. 

■Vso .4/5 lie on bisector of BAC, which bisects arc BC of circumcircle at D. 

Xow DB — DC = DI (see Paper 35, Question C). D is the centre of 
circle BWE. 

2. Make trianclo .450, Produce BA to P so that BA = AP, nnd 50 to Q 
so that 50 c= C(? ; then PQ is parallel to .40. Hake BCD = 95, D being 
on PQ. 

3. .4X . .4 r = .4X‘ + 5X . Xr = 5X» 4- 5.x® + B.X . BY. 

4. Within angle XO Y draw Off parallel to OX at distance equal to radius of 
given circle, and CK parallel to OF at distance equal to radius. These 
p.'irallels are loci of centres of the circle. Distance between centres is bisected 
by 5. the point of contact. locus is quadrant of circle with centre O and 
rndias equal to rndiu.s of given circles. 

5. Us ' angle proiierties of cyclic quadrOnterals. 

C. Triangles PXZ, PXY are equiangular. 
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Ko. 80 

1 C = Ji* = ^ of rig>it utgle , O <7 s f of light angle 

2 Draw BPQ parallel to YZX, catting OZ at P and XX at Q , then 
XC = SCP XX + BY = XC + tfX + BY = SBB -f 2BZ = 2BZ 

In second case. AX-BY^^ 20Z 

3 DE» « XE* + XD* =. BC* + XD« = XB‘ + AC* + AD* 

Similatly foi CF* 

4 Draw or common tangent at O 

Aiiffle liOS = BOr-SOT = BQO-SPO (dtemate segment) = POO 

5 PC PD==PA.PB^ PT*. eu 

6 On BO an diameter deaenbe aemi circle cutetng OA at B la semi-cirele 
place chord CD x 2BE 


No. 81 

1 By congruent right an^ed trianglea, mangles ABC, PCB have equal 
altitudes eto 

2 Let ABOD be the parallelogram B the mtrrseetion of the diagonals , 
XP. BQ, CR, DS, EO tha reepective depths 

By Queikioo 2, Paper 80, XP + CR = 2EO and BQ + DS = 2E0 

3 PMBX M triangle XBC -triangle AMP - triangle PKO 

B triangle XZ>C -triangle ARP - triangle PLO » PLDM. 

tfake rectangle PLDH having UP • 9 Pi — 1 , produce BP to B, 
mal^g PH w 2 3 Complete figure with lettering of first part of thu quea 
tion , then PUBR i« reouired rectangle 

4 In circle X place enerd k 5em and draw concentric eirele touching 

In circle B place chord b 3 cm , and draw coneentnc etrele touching 
chord. 

P^RS u a comoica tangent to these concentric circles 

5 See Paper 48, Question fi 

8 Length - y'go* + l5» + 12» - 27 7 It Angle - tan ^ 48 - 25* 38' 


No. 82 

1 Draw any line XCY through C From X draw line XX, making 
XXC •= 60* , from B draw BY, making BTG = 60* Produce YB, XX to 
meet at Z 

2 Let bisectors of angles X and B of parallelogram ABOD meet at P 
Then X + B = 2 right an^es APB u a right angle, etc 

3 Draw £fX parallel to PQ at distance 2. cutting OS at L 
Draw XY parallel to Pt^ at distance 2, cutting OB at Q 

Required locus is made up of the bisectors of the angles HLS, KLS, XZR, 
YZR 

i Divide XB at C so that rectangle XB BO ss AC* 

XE CeoeX acoeX 

~ cos (90* - C) ~ Bin O ~~ sin A “ “ ® 

Smce PQ is of constant length angle PAQ is constant XX is constant 

d j7ra on perpenalcui’ar ftisector rfXC jFVots friangfes XB'i7, XCB'to 
be equiangular 
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No. S3 

1. Paper 33, Question 1. 

2. Prodneo BO to moot AG nt D ; then BOG > BDG > J5.4<7. 

Anglo may bo outside triangle and yet > BAG. 

4. Opposite angles equal and supploracntorj'. 

Mid-points are corners of a parnUelogram. sides parallel to diagonals, which 
must bo a rectangle. diagonals are nt right angles. 

,’). Triangles ABO, BCD are equiangular, 
f). Shadow = 38'OOft. 

Sun is duo south. Shadow of wall is parallelogram, length 00 ft., height 
7 ton 40 sin 45. Aren = 374 sq. ft. 


No. S4 

2. I..el fall AE, BF perpendicular to GD (AB being less than DC). Right- 
angled triangles ADB, BCP are congruent. angle ADE = angle BCD. 
Hence triangles BCD, ADC are congruent. .•. nnglo DAG = angle DBO, etc. 

3. V AB is divided nt P, AJ3* -h PP* = -4ps + 2.4P . BP 

= 2BP» + ^AB . BP. 

.4P’ = 2BP* and construction is same ns Paper 59, Question 5. 

4. Draw KXP not parallel to lino of centres. Bisect KX at M, XL nt N ; 
then MX is IKP and is less than lino joining centres. If PXQ is parallel to 
line of centres, then iPQ = lino joining centres. 

5. On side of PQ remote from .4 do.soribo segment containing angles equal 
90 -f 1P.4P j draw bisector of P.4Q to meet arc of segment nt '/. 1 is centre 
of inseril>e(l circle, ete. 

C. .40Xr is cvelie. OYX = OAX. 

BOZX is cyclic. .*. OZX = OBA, but OBA = OAX, etc. 


No. 85 

1 Draw triangle ECB having EG =■ 5-G - 3-7, CB — 2-5, nnglo CEB = 70°. 
Produce OE to D, maldng OD — S-G. Complete parallelogram DEB A. 
.Aren = 10-5 sq. era. 

2. Their altitudes are equal, by congruent right-angled triangles. 

4. See Paper 23, Question 0 (ii). 

5. Suppose D were outside circle ABC, then angles .4BC?, ADC (opposite 
equal chords) would bo equal, which is impossible. 

G. .4/ : ID AB -. BD ^ AC i CD == AB + AC : BC. 

Or produce P.4 to E, making AP = .4C. Then angle BAG = 2 angle AEG 
.‘ID IS parallel to EC. 

Hene-' .4/ : ID AB : BD --= EB : PC = .4B + AC : BC. 


No. 86 

1. Ix't f.all .4D perpendicular to XT and produce to E, ranking DE = DA 
PPpr educed cuts X 3' nt required point C. 

Or. if .4P cuts XI' nt D, draw locus of point P such that .4P; PP = 
.ID : DP, l.rf>ctts cuts X 1* nt C. 

2^ Hnch side of quadrilateral = 4 diagonal of rectangle, 

Knck triangle cut off nt conior == } of rectangle. 

3- Triangles P.4C, P.4<? are congruent. angle PC A = angle RQA, etc. 
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4. Se9 Paper 1 9, Question 4. 

Projection of medians of tnan^ea ABC, ABD, which bisect AB, are equal 
and on same side of mid point of BC 
6 See Paper 3, Question 6 
6 Triangtee PGA, OCA are eqmaagular 
PC.CO =AC*^XQ CT P.XO.r lie on a circle 

•. xpo = xro •= oxT = opr. 


No. 87 

1 Triangles D 4E, CBB are eosgnieiit, . . friangles BPS, OPB are eon 
gruent 

2 Draw through B (uid D parallela to AC , bisect AC at F and let per 

K ndicular bisector cut parallel through B at Q and that through D at A 
oduce PQ to V, makingQK ^ PR r.1S is required isosceles triangle 
3 Badiusof sphere «=> radius of circlemsccibedin triangle of aides 13, 13, 10 
Radius - ^ 3i m. 

6 Bisect PB at X, draw XT parallel to BC, meeting AC at Y, Jom PY 
and produce to rneet BC producM at Q 
6 (i) Draw isosceles triangle FAB baeiag TAB ^ VBA ■■ 10* On VC, 
the perpendiculsr from T to d 6 , deaettbe a semi circle and in it put CD CB 
VOD IS required angle 
(u) Angl«iseor‘(eot 70*) » 68*39 


No. 88 

1 ACaeBC^lieta 

3 Tciaogle DOC It i an equilateral triangle OC w 20D But 0A«0C 
(0 It on bitectop of angle B, which is perpendicular bisector of AC) OA 
- 20D « 20E. etc. 

5 Triangle ABB, CBD are congruent (2 aides and included angle) 

BAB w BCD . AB produced passes through D 
8 Height of triangle ABC as 6 taa 65* AC • BC w 7 414, 
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] Triangles d£C, DBC are congruent aogleDBC ~ angle dCB etc. 

2 X.et 0 be xnid point of BC An^e is a right angle BC SOP 
But P IS equidistant from AB, BC, and CD OP is par£let to BA 

£C» 12ra 

3 Side of square ^ 1 65aq in 

4 From O the centre of circle, let fall a perpendicular to line through Q 
perpendicular to PQ, perpendicuIaT from O cuts circle at R and B Jom RQ, 
cutting circle at T, and 5Q cntting circle at V OT cuts PQ at X and VO 
cuts PQ at Y Circles with centrea X and Y satisfjr conditions. 

5 Triangles BOC, BOC ere congnunt OBO s,, OEC 

Triangles BOA, DOA are congruent OB<4 ^ ODC, etc 

6 Let ilBCD be cydie quadnlateral Make angle DAE » angle BAC, 
B being on BD 

InaaglesDAE.CAB are euaAti AG DE BC AD 

Triangles BAE, ADC are similar AC BE = AB DO, etc 

In second part, PABC is eyclie PA BC = AB PC + AC PB, etc 



POINTS ESSENTIAL TO ANSWERS 
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\.BO>DQ>PQ. _ , 

1). Perpendicular from P on AB < AP < side of square. 

Anplo.'lP^? = 120'’; angle APD = 75“. DFQ = 45°. 

4. Xrianglc«! PAQ, HBK are congruent (chords PQ, HK equidistant from 
centres). 

A angle APQ = angle BHK. A .4 P and BE are parallel. A PE = AB, etc. 
Or! suppose circles coincide ; ns B circle is moved and centre travels^ from 
.4 to B, E travels from P to E and K from Q to K. PE = AB = QK- 

5. .4/; : EB — AD : DB = AD : DO = .4P : PC. EF is parallel to BO. 

0. I>et fall AZ perpendicular to XT’, along XY measure ZB — 2-5 cm. 

.\nglo .4PX is 31°. 


No. 91 

1. Triangles BAD, CAD are congruent. angle BAO is bisected by AD 
produced. 

2. By proof of concurrency of the medians, linos respectively equal to f 
the medians form a triangle' ; hence any tiro medians are greater than the 
third. 

Produce AD to E, maldiig DE = AD. Then .40 -}- CE > .4P ; i.o. 
.40 -f .4P '2AD. .•. sum of medians less than perimeter of triangle. 

3. Locus is lino pantllel to XT, 1'5 cm. from XT, between 0 and XT. 

4. Draw .40 perpendicular to BC, then BD = DC. 

AB--A0- = BD^-OD- = B0 .00. 

5. Lino bieecting angle between two lines bisects angle between perpen- 
diculor drawn to lines at angular point. Hence PAQ bisects an angle Mtween 
the radii dratvn to .4. Let X Ix) centre of P circle and T of the Q circle. 
Tlien triangles P.V.4, QTA are cquinngles. .*. PA : AQ = .dX .4T. 

G. (t) Triangle .40B . triangle .400 = AB : AC. 

A AO . OB sin .400 :A0.0C sin .400 = AB : .40. 

(u) Triangle AOB -f triangle BOO — triangle AOO, etc. 


No. 92 


2. Along BC measure BD — 2 in., draw CE, parallel to 23.4, cutting BA 
at 21 Construct triangle POP having P<? — BD = 2in., PP = BE,QB=DE. 

3. Draw PE perpendicular to BC, and bisect BC at 23. 

•7 == PPS-PC’ =- PP--PO* = {BE 4- EC){BE-EC) = 2 X 2-1 x DE. 

DE — J of 1 in. E is between 23 and O and perpendicular at E to BC is 
the locus of P. 

4. Suppose circles touch externally. On side of given line opposite to given 
circle draw a line .TT parallel to given line at distance = radius of given circle. 
Then centre of any circle touching externally is equidistant from XI' andthe 
centre of given circle. Similarly if circles touch internally, etc. 

5. vToini?mid-pDintofrmojoiningcentrestoA,required'lmeis perpendicular 
to .“tB. 


On .40 and BC ns diameters draw circles. Through O draw POO, cutting 
circle? at P and Q and bisected at P. Then PCQ is middle lino of square and 
rquore can b? completed. 

6, Triangles P.4P, P4 0 are between same parallels. .'. areas are ns PS : PC. 

Triangles arc equianglcs. areas ore as AS® . 4,0*. 
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1 AO = , BO = l 426 in 

2 EA = FO = HB , SAHB \a a parallelogrun 

Hence FOHB » EAHB “ 2 toian^ ABB « ABOD 

3 a line OB and m tfc take any pomte A and C, C being between A 
and B Let OA a, OB =s b, OO •= c We bare to prove that 

OA CB +OB AO - OO AB. 

By 6rst part, OA CB •= OA OS — OA OO 

and OB.AO^OB.OC-OB OA 

and 00 AB -OO OB - OO OA 

4 DB 18 bisected at ngbt anglea ^ AO and DF u bisected at right angles 
by AB See Paper SO, Question 6 

5 Let ratio be i m, and A, B the two given points Divide AB intemaUy 
at P so that AP PB » | m and externally at Q so that AQ QB I m 
Circle on PQ as diameter is required locus 

6 Tnanglos BSP and PQC are equiangular and therefore similar 

SP SB = PQ BR = QO PR ■= SO SP 


No. 94 

1 II 201' IS obtuse, angles 70d, XOP are equal bisectors do bisect 
angles between perpendiculars 11 X07 is acute, produce 20 to Z, then 
yod - ZOB, etc 

2 Tnangtes POd, QOO are congruent 

Produce AC to D so that CO — CA. and SC to B lo that CE = OB 
Then D and £ are on the other eidee of rhombus 

On AS describe a segment on aide remote from C, contairung an angle 60*, 
eon^lete circle and bisect minor arc at F and produce OF to cut major arc 
at P P IS one vertex of rhombus Produce PC to R so that CR « CP 
£ is the raposite vertex Produce Pd, PPtosneetet Q and P£. PD to meet 
at S PQRS u the rhorabvu Side of rhombus is 3 3 (n 

3 Let AS be a given Ime, at B draw BC perpendicular to AS, equal to AB 
With centre 0, the mid poml of AB, radius OC, draw circle cutting AB pro 
duccd at P 

4 UdiscentreofPQXandPofPQr angles dP2, BPyareequal, since 
each equals APY - 90*, hence angles PAX QBY are equal 

Also PQT = iPBF and PQX » 1(360 -PdX) PQT + PQX = 180* 

6 Triangles Pd2, PB T are equianguler 

6 Height 136 3 ft 
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1 Let dQ perpendicular to D£, cot £P at H 
Triangles ADE, ABF are congruent 

angle AFB = AED = HdP HP = BA 
Also angle HAB = ABB BB === HA FB is bisected at H 

2 Angle FBQ ^ 1 right angle PQB PQ = PB 
. AP* + PB* “ AP* + PQ* “ AQ* 

AP* -i- PB* IS least when dQ is least, i e when P is at O the mid point 
olAB. 

3 Also AP* + PB* = AQ* -‘AO* + CQ*^ 2AO* + 20P* 

4 See Euclid III, Prop 21 
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5. Soo Paper 52, Question 5. _ , ^ i j c/r 

Produce AD the perpendicular from vertex of an isosceles triangle AtiO to 
moot circumcirclo at D* Triangles ADD and ADD are similar and 
AE.AD=^ABK 

G. Distance from vertex = i ton 72 = 1'53S9. 


Angle of pentagon = lOS”, and of hexagon. 

Let ABODE bo pentagon and CDFOHK be hexagon. 

Tlien CD and DE fall inside hexagon. . 

Distance from CD of A is 1-6389 X CD. Distance of EC from CD is 
1-732 X CD. A falls inside hexagon. 


No. 96 

1. Proof is same as that for proving that exterior angle of a triangle is 
greater than an interior opposite angle. 

2. Dravr 02 equal and parallel to AD. Draw ZC parallel to OX, meeting 
OY at C. Draw CD parallel to ZO, meeting OX at D. ABCD is required 
parallelogram. 

3. Equate two expressions for OA* + OB* + OC*. 

-f BX» -f CP* = AO* 4- DO* + CO* - OZ'- - OX* - OP*. 

Lot P, Q, I! bo mid-points of DC, CA, AD respectively. 

Then AO* + BO* = 2AB* + 2B0*. 

Hence AZ* -f ZB* -P BX* + XC* + CP* -f PA* 

t= 2{A0* -i- BO* -f C0>) - 2(OX* + OP* -f OZ*) 

= 2(AB* 4- DP- 4- CQ-) 4- 2{BO*-OZ* 4- OP* -OX* + OQ^-OY^ 
= constant 4- 2(BZ* 4- PiT* 4- QY*). 

.-. L.H.S. is a minimum when 0 is centre of circumcirdc. 

6. DP : PC = triangle AOB : triangle AOC, etc. 

C. (i) Triangles PDQ, ADC are similar. 

. AD AD AC 
IIQ “ PQ “ Pii ' 

.Mso RQ . AP -f PQ . .-IB = PR . AQ. (Ptolemy’s Theorem, Paper S9, 
Question C.) 

AD . AP 4- ad . AB = AC . AQ. 

(ii) AD* 4- AB* = AC*. AD . AB 4- AD . DB 4- AB . AP 4- AB . BP 
AO. A<? 4- AC.CQ. 

AD.DP -t- AD . DR = AC . CQ. 


No. 97 

2. 2-Sin. 

3. See Paper 20, Question 2. 

Lt't XYZ bo any points in DC, CA, AD respectively. 

If XZ, I'Z are not equally inclined to YZ, find O so that OX, OP ora 
equally inclinwl to AB. Then OX 4- XP 4- PO < ZX 4- XP 4- PZ. Hence 
if th-- sides of X I'Z are not equally inclined at X, P, Z to the sides DC, CA . A D 
re<;pectiv,-!y, a triangle of smaller perimeter can always be found. Hence the 
triangle formed by joining the feet of perpendicular has the minimum peri- 
meter. 

■*; Bisector of angle and perpendicular bisector of side both bisect same arc. 

.-ID is common chord of the two circles, 

5. See Paper 39, Question •!. 

a (i) Square rectangle 5 in. by 3 in. ; enUsidex. (u) Call side of square «. 

Draw new equilateral triangle by increasing side 1 in. in ratio x:v. Side of 
required triangle is = 6-9 in. 
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No. 98 

1 DrAv iBoaceSes triangle jiBO having AB o AC = 3 in., BC = 3 2 in 

Draw.4H perpendicular to BO and produce XH to i?i making X/C 5 in .etc 

2 H P IS l^tween B and i>. thenud point of BOi biaect XC at £ Draw 
BQ parallel to PB to meet XC at Q, then Q is between E and X and PQ is 
bisector of tnangle ABO 

3 Diagonals XC. BD bisect at tight angles at 0 
. PX.PC = PO*-XO‘ = PB«-XB* 

4 In inscribed triangle side = B am 66* % S 4S cm 

In describing triangle side = 3 (tan 73|* d- tan 49|*) ... 13 64 cm 

5 Sea Paper 89, Question 6 

XCDS IS cyclic . XO CB = XB CD + DE AC, etc 
Or by congruent triangles 

6 S 8* - 4 2* s 10 X 1 6 = 4* * trian^e (s right angled 
Angles ere 90*. 46* 24', 43* 36 


No. 99 

„ _ . . “* equal 

. .. - OQ angles OBQ, OQB are equal Hence angle VBQ ^ angle fQB 

2 With centres C and D, radu each 2 6 in . strike arcs cutting DA and DA 
produced at Q and P respectively Then paraJIsIogram PBCQ m narallelo 
grant ABCD At B and P make angles w 110*, etc Other sides v 2 47 in 

3 Ang1eQ£PB2C, B is centre of circle X PC 

F IS centre of circle AQPB angle QFP «• S« angle QAP ■» ISO - SO 
angles QEP, QFP together equal 180* 

4 At any point X on X circle draw tangent XH ••3 cm 
At any point F on Bcircle. draw tangent 4 cm 

Circles centre X, radiua XN, and centre fi. radius BK, intersect at points P. 

6 Angle XQB •• ISO- XOB (cyclic quadrilstcral) Angle PQB ^ }XCB 
. AnglePBQ - 180-(180-XCB)-WCB PB m PQ 

6 Let X, y, £ be centres of escriMd cycles touching SC, OA, AS 
respectively, and let / be centre of inscribed circle 

ZBCY IS cyclio quadrilateral an^e X2/ a> angle XTl But X/ la 
common chord of cirdee XZI, XYJ and they subtend equal angles at the 
Hence circles XZJ, XTI ere equal, etc 
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1 Make angle BCD = 46*-^ 

2 Triangles BOA, BCD are congruent triangles BEA, BED are con 
gruont. 

3 ALKB IS a fixed circle with diameter AB Angle LXK is fixed m 
magnitude LK la of constant length 

4 Bisect AB at E , draw BP parallel to BO 
6 Reduciyj ad abtwdum 

Angle DBG •• ACB ^ BAG . DB n a tangent. 

DE DO = DB* • AB DB = AO* 

6 TnanglesOXC, ODB are congruent, since X.B D, C are concyclio. 

. angle BAB = angle OBD and tnan^es EAB OBD are similar 
, angles BOF, FBO are equal and OP •• BF 
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1. In the figure the sides of a square ABGD are each divided 
into tliree equal parts, E, F, G, H, K, L, 

31, P being the points of trisection. Provo A E F B 
that E, 0, K, 31 are the comers of a 
equate. p\ 

2. In the same figure determine what 
fraction the area of the octagon EFGH 
KL3IP is of the area of (i) the square jy 
ABGD, (ii) the square EGK3I. 



3. State and prove the geometrical proposition corresponding 
to the algebraical formula a{a -f- 6) = o “ + ni. 

Four points A, B, 0, D are taken in that order on a straight 
lino, show that — 

AB.CDA- ad. bo = AC . BD. 


4. Show how to draw two tangents to a circle from a point 
outside it. Prove that the parts of these tangents between the 
pohit and the circle are equal. 

If the sides AB, BO, CD, DA of a quadrilateral each touch 
the same circle, prove that AB + CD = BC -f DA. 

5, On a Imo 2-3 in. long describe a segment of a circle to 
contain an angle of 70°. Measure the radius. 

What is the area of the largest triangle that has base 2-3 in. 
long and the opposite angle 70° 1 

G. 0 is a fixed point on a diameter AB of a given circle ; PCQ 
is any chord through C ; at 0 a perpendicular is drawn to AB 
which meets AP, AQ (produced if necessary) in P and S. 
Prove that P, Q, li, S lie on a circle and that the rectangle 
Clt . CS is of constant area. 


•-•—(r no:) 
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1 State a construction, wi^ proof, for drawing a line through 
a given point parallel to a given line 

Draw a line 5 5m long, and by means of paralleb divide it 
mto SIS equal parts 

2 In a triangle ABC the side AB is greater than the side 
AC , the bisector of the angle A meets BC at D Prove that 
the angle ADB is an obiose angle 

3 State and prove a rule for finding the area of a trapezium 
Construct a trapezium ABOD, having AD parallel to BC, 
AD ss 4 8 cm , BO « 3 2 cm , angle A = 42'* and angle D 
as 68’ Jmd its area 

4 Define a circle , and prove that — 

(i) A straight line cannot meet a circle m more than two 
points 

(u) Two circles cannot cut m more than two points 

5 If two chords of a circle mtersoct within the circle, prove 
that the rectangle contamed by the segments of one is equal to 
the rectangle contained by the segments of the other 

By a geometrical construction find the value of the fraction 
34x23 

, correct to one decimal place Verify by calculation 

C Any pomt P is taken on the circumference of a circle of 
which AB is any diameter PB meets the radius OG, perpen* 
dicular to AB, at R, and the tangent at P meets the radius OC 
produced at Q Prove that QP = QR 
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No. 15 

1. Prove that tho B«tn of the diagonals of a quadrilateral is 
less than tho sum of tho sides of the quadrilateral, but greater 
than half the sum of the sides. 

2. Draw two triangles to show that two triangles maj’’ have 
two angles of tho one equal to two angles of the other, each to 
each, and one side equal to one side, and yet not be eqtial in all 
respects. 

The diagonal AC of a quadrilateral ABCD bisects each of the 
angles BAD, BCD. Provo that it bisects the diagonal BD. 

3. TJirough a point 0 on tho diagonal AC of a parallelogram 
ABCD, HOF, BOO are drawn parallel to the sides, R being in 
AB and E in BC. Prove that the parallelograms HE, FO are 
equal in area. Prove also that HO and EF are parallel. 

4. If two triangles have two sides of the one equal to two 
aides of tho other, each to each, and the included angles supple- 
inontarj’, prove that the triangles are equal in area. 

Squares ABDE, ACFO, BCHK are described on the sides of 
a triangle ABO with a right angle at C. Prove that the 
triangles AOE, BKD arc equal in area. 

5. Of all lines drawn from a point withhr a circle to the 
circumference, which are the greatest and least 1 Of all chords 
that can be drawn through a point witliin a circle wdiicli are the 
greatest and least ? 

On OA a radius of a circle with centre 0 and radius 5 cm., a 
])oint P is taken 2 cm. from 0. With P as centre a circle is 
described with radius 1 cm. ; draw the longest and shortest 
chords of the big circle that \vill touch the small circle. Prove 
tho accuracy of your construction. 

G. A straight line PQ of constant length slides so that P 
moves along a lino OX, and Q along a line 0 Y. Eind the locus 
of the centre of tho circumcircle of the triangle POQ. 
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1 Two isosceles tnangles are descnbed on tlie same base 
and on the same side of »t Prove that the Ime joining the 
vertices, when produced, bisects the base at right angles 

2 A bar AB, 4 ft loi^ is suspended m a horizontal position 
hy ropes AC, BD, respectively 8 ft and 6 ft long, from two 
hooks m the ceiling CD 10 ft apart By drawing a figure to 
scale find the depth of AB below the ceiling 

3 Draw a triangle OAB with sides OA sr 2 m , OB as 2 4 in , 
angle AOB » 35* , then draw a tnangle OPQ with sides OP 
sa:2m,0$«=s24m, angle OPQ = 35* and having OP m 
dined at 45* to OA Verify, and prove by argument, that the 
angle between PQ and AB is also 40* 

4 Give a construction for drawing the tangents to a circle 
from an external point and justify your construction 

If the two tangents drawn from P to a circle with centre 0 
touch the circle at A and B prove that PO bisects AB at right 
angles 

5 State how to find the centre of the circumcircle of a 
tnangle 

Perpendiculars BE CF are let fall on the opposite sides of a 
tnangle ABC , prove that the triangles BTC, EFC have the 
same circumcentre 

6 From a point P two tai^nts PA, PB are drawn to a 
circle, and the perpendicular from P to AB meets the circle at 
C and D Prove that AC bisects the angle PAB and that AD 
bisects the angle between AB and PA produced 
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1. Tho side BC of a triangle is bisected at D and AD is 
produced to E so that DE = AD. Prove that CE = AB. 

li AC is produced to any point X, prove that the angle BCX 
is greater than the angle ABC. 

2. Draw a triangle ABC having angle A — 48°, angle C 
= C3°, AB = 7 cm. In it find a point P such that PA = PB, 
and angle PAB = angle PBC. 

S. State and prove Pj’thagoras’s theorem. 

In a quadrilateral ABCD the angles at A and B are each 
a right angle, and AB ~ AD + BC. Prove that CD" = 
2(/lX)2 + BC"). 

4. Prove, completely, that tho angle at the centre of a circle 
is double any angle at tho circumference standing on the same 
arc. 

Any point P is taken on the circumference of a circle with 
centre 0, and is joined to the extremity A of a diameter AB. 
If PA is produced to Q, prove that the angle BAQ is half the 
reflex angle BOP. 

5. Provo that the perpendicular from the centre of a circle 
to any chord bisects that chord. 

A and B arc any two points on a circle, show how to draw 
two parallel chords AP, BQ such that AP = 2BQ. 

6. An equilateral triangle ABE is described on the side AB 
of a square ABCD and on the same side of it as tho square. 
Tho line from A at right angles to DE meets CD at F. Prove 
that a circle can be described about AEFD. 

Show also that DF = CD[2 - -^/S). 



18 


TEST PAPERS IN GEOMETRY 
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1 On the sides AB AO of a triangle equilateral tnangles 
ABE ACD are described outside the tnangle ABC Prove 
that BD = CE 

2 If three parallel straight lines cut off equal intercepts on 
one transversal prove that the intercepts on any other trans 
versal are also equal 

Two straight lines AX A ¥ contain an angle 65* a point P 
13 taken within the angle XA Y 1 5 cm from AX and 2 cm from 
AC Construct a straight Ime through P so that the part 
mtercepted between AX and AT ta bisected at P 

State and prove your construction 

3 Prove that a diagonal of a parallelogram always bisects 
the area but in general docs not bisect the angles of the 
parallelogram 

In a trapezium ABCD the sides AB and DC are parallel and 
AB is less than DC Through A a line is drawn parallel to BO 
meetmg DO at E and DE is bisected at F ^ove that the 
tnangle BCF is half the trapezium 

4 The opposite e dee AB and DC oi an irregular quadn 
lateral meet when produced at E The circumcncles of the 
tnangles BEC ADE meet i^ain at F Prove that the angles 
BFC AFD are equal 

5 At the ends A and P of a diameter of a circle tangents are 
drawn these tangents are cut by a third tangent at C and D 
respectively Prove that Gie rectangle AC BD la equal to the 
square on the radius of the circle 

6 Divide a straight Ime AB 6 cm long mto two parts at a 
point P 80 that the rectangle contained by the whole line AB 
and the part BP shall equal the square on the part AP State 
your construction and prove its vahdity Also draw any circle 
to pass through A and P from B draw a tangent EQ to this 
circle With centre B and radius BQ draw a circle cutting 
BA at R Prove that AB = BP 
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No. 19 

1. Tho diagonal DB of a parallologram ABGD is prodticed 
to E, HO that BE — DB, and tho parallelogram CBEF is 
completed. Provo that AB and BE arc in tho same straight 
lino. 

2. In a triangle ABC with a right angle at G, any point D is 
taken in BG, and any point E in AC ; prove that DE must he 
less than AB. 

Two right-angled triangles ABC, DEF have their hypotenuses 
AB and DE equal, but AC is less than DF. Prove tliat angle 
ABC is less than tho angle DEF. 

3. Construct a quadrilateral PQRS, having PQ = 2-4 cm., 
tho diagonal QS = 3*2 cm., angle QPS = 66°, angle SQB 
= 39°, and angle QSR — 68°. 

Make a triangle equal to it, and test the accuracy of your 
construction by calculating both areas. 

4. Wliat is meant by the projection of a finite straight Ime on 
another ? 

Show that in any triangle the difference of tho squares on 
any two sides of a triangle is equal to twice the rectangle 
contained by tho third side and the projection on it of tho 
median bisecting that side. 

6. Write out two enunciations in which the word alternate is 
used, and explain the meanings of the word. 

Tho railway lino between two places X and Y consists of two 
circular arcs, XZ and ZY, which have a common tangent 
PZQ, tho ares being continuous and on opposite sides of tho 
tangent. Draw a plan of the line, scale 1 cm. to the mile, 
being given that tho chord ZZ is 3 miles long, the angle 
XZP is 30°, the angle YZQ is 25° and the radius of the arc 
YZ is 5 miles. YHiat is the shortest distance from X to Y 1 

6. P and Q are two points 4-5 in. apart ; draw a straight 
lino such that tho shortest distance from P to it shall bo 3 in., 
and from Q 2 in. 
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1 If an isosceles tnangle ABC has angles x” and y* as m the 
fignre, determine the value of x and 
y eo that it may be possible to draw 
a line BD to divide the tnangle into 
two isosceles triangles ADB, CDB 
Prove that AD is greater than DC 

^ 2 Two points A and B are on the 

same side of a straight hoe XT, at unequal distances from It 
Show with proof how to find a point C in XT such that the 
angle AOX the angle jBCI' 

If P be any other point m XT, prove that — 

AO + CB<AP + PB 



3 Prove that the area of a tnangle ts one half the area of the 
rectangle on the same base and with the same altitude 

On the side AC of a tnangle ABC right angled at 0, an 
equilateral tnangle ADC is desenbed Prove that the tnangle 
BCD is half the tnangle ABC 

4 Show that four circles can be drawn to touch three 
straight lines each of which cuts the other two 

The centre of the inscnbed circle of a tnangle ABC is I, and 
the centre of the circle touching BC and the sides AB and AC 
produced is E Prove that the circle desenbed on IE as 
diameter passes through B and C 

5 A point D IS taken in a side BC of an equilateral triangle 
ABC, and an equilateral tnangle CDE is desenbed on CD, the 
vertices A and E being on opposite sides o! BC, and AD is 
produced to meet BE at P Prove that the circumcircle of 
the tnangle BDF touches AB 

6 Prove that the perpendiculars from the vertices of a 
tnangle upon the opposite sides meet m a pomt 
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No. 21 

1 . ProTO that two right-angled triangles are congruent if thej^ 
have (i) the hypotenuse and an acute angle of the one equal to 
the hypotenuse and an acute angle of the other, or (ii) the 
hyjiotenuso and another side of the one equal to the hypotenuse 
and another side of the other, each to each. 

2. Draw the locus of all acute-angled triangles on a base 
3-5 cm., having area 7 sq. cm. 

In the same figme di-aw the particular triangle that has the 
smallest perimeter and satisBes the conditions. Give your 
reasons. 

3. Explam how to construct a square equal to a given 
rectangle. 

Divide a straight line of length 4*3 cm. internally, so that the 
rectangle contained by the segments is of area 3 sq. cm. State 
your construction, which must bo entirely geometrical, and not 
depend on an arithmetical extraction of a square root. 

4. State, with proof, how to find the centre of 
a given circular arc. 

Find, to the nearest millimetre, the radius of 
the arc in the adjoining figure. 

5. If the opposite angles of a quadrilateral are supplemen- 
tary, prove that a chclo can be described to pass tlirough its 
angular points. 

The vertex A of an equilateral triangle ABC is joined to a 
point D on BO produced, and on AD an equilateral triangle 
ADE is described. Prove that either A, B, D, E, or A, C, 
D, E, are conoyclic. 

0. Two circles intersect, one of the points of intersection 
being P. Explain, with proof, how to draw through P a line 
QPIi, meeting one circle at B and the other at Q, such that QR 
is bisected at P. 
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1 From two pointa A and R on a straight shore, 150 yds 
apart, a rock C is seen and the angles CAB, CBA are 45° and 
60° respectively Find, by drawing to scale 1 cm =: 20 yds , 
and without usmg a protractor, the distance of C from the 
shore 


2 Prove, by the theory of parallels that the sum of the 
angles of a tnangle is equal to two right angles 

State the similar fact about a rectilinear 6gure of n aides 

Draw any irregular pentagon, having each of its angles 
obtuse , produce the sides of the pentagon to meet, thus 
forming a five pointed star Find the sum of the angles at the 
points of the star 

3 The side BC of a paraltelogram ABOD is bisected at E, 
and the side CD at F Prove that the area of the tnangle 
AEF IS three times the area of the tnangle CEF , and that 
together they are equal to half the parallelogram 

V 4 In any circle prove that equal chords are equi distant 
from the centre 

A point P is taken 2 3 in from the centre G of a circle with 
radius 1 5 in Draw through P a line meeting the circle at A 
and B so that the length of AB shaU be 1 9 m Explain your 
construction 

5 Explain how to draw a circle to pass through two given 
points and to touch a given straight hna 

6 ABC IS an isosceles tnangle in which the angles at B and 
C are each twice the angle at ^ , at G an angle BOD is made 
equal to the angle at A, CD meetup AB at D Calculate the 
size m degrees of all the angles in the figure, and prove that 
rectangle BA, BD — square on AD 
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No. 23 

1. State with proof, the construction for bisecting \\-ith ruler 
and compass a given angle. 

Without using a protractor draw an angle of 75° and divide 
it into five equal parts. 

2. If a quadrilateral has both pairs of opposite sides equal to 
one another, prove that its diagonals bisect one another. 

3. State and prove the proposition concerning the square on 
the side of a triangle opposite an obtuse angle. 

A triangle has sides 1‘7 in., 1*3 m., l-l in., determine, firstly 
by drarring, secondly by calculating, whether the centre of the 
oircumcirclc is inside or outside the circle. 

4. Prove that equal arcs in a circle subtend equal angles at 
the centre, and that equal chords subtend equal angles at the 
centre. 

If an arc AB is double an arc PQ in the same circle, with 
centre 0, prove that angle AOB is double the angle POQ ; but 
if in a circle a chord AB is double a chord PQ, the angle AOB is 
more than double the angle POQ. 

5. In a quadrilateral ABOD the diagonals AG, BD intersect 
at E. Construct the quadrilateral being given AE — 2 cm., 
BE = 1 cm., CE = 1>5 cm., angle ABD = 100°, and angle 
ACD = 100°. 

G. In the figure the two circles touch the two Imes AB, AC at 
X and Y, P and Q ; and BC is on 
internal common tangent to the 
two circles touching at Z and R. 

Provo that^ — 

(i) 2AP = AB + B0 + CA. 

(ii) 2AX - AB -f AG -BO. 

(ui) ZR=.AG-AB. 
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No. 24 

1 In tho figure AB = AC and the nnglea CAB, GBF, BCF 
_ have the values shown Prove that 
DA = DB and BE = BF. 

2 Define a parallelogram, and prove 
that its opposite sides are equal 
, A pair of parallel Imes AB and DC 
intersect another pair of parallel lines 
AD and BO at the points A, B, C, D A point P ja taken 
anywhere m the plane of these lines Show, with proof, how 
to draw through P a line such that the part intercepted between 
one pair of parallel lines is equal to the part intercepted between 
the other pair 


3 The area of a quadrilateral is 24 sq in , and its two dia' 
gonals are 6 in and 8 m in length Prove that the diagonals 
are at right angles, and that the sum of the squares on one 
pair of opposite sides la equal to the sum of the squares on the 
other pair 


4 Prove that if two circles touch, whether internally or 
externally, the point of contact lies on the line joining the 
centres 

Draw two circles with radu 4 cm and 6 cm , and with their 
centres 7 cm apart Draw a third circle with radius 3 cm to 
touch each of the other two 


5 Prove that the angles between a tangent to a circle and 
a chord through the point of contact are equal to the angles m 
the alternate segments 

Tangents are drawn at two points A and P on a circle, and 
from a third point P on the circle perpendiculars PH, PK are 
let fall on the tangents and PL on the chord AB Prove that 
the triangles PEL, PEL have their angles equal, each to each 

Construct, without any long calculation of square roots, 
a tnangle whose sides are -x/® 
measure the largest angle 
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No. 25 

1. Ck)n6truct a triangle with sides AB = 4 cm., BG — 3 cm., 
AC — 5 cm. Draw a straight line PQ C cm. long ; construct, 
without using a protractor, an angle PQR equal to the 
angle ACB and an angle QPJR equal to angle BAG. Measure 
PB and QR. 

2. The middle points D, E, F of the sides BC, CA , AB of a 
triangle are joined. Prove that AD is bisected by FE and that 
the area of the triangle DBF is one-quarter of the area of the 
triangle ABC. 

3. Give the enunciation which states bj"" how much the 
square on the side subtending an acute angle exceeds the sum 
of (he squares on the sides containing that angle. 

In a triangle ABC, AD is the median bisecting BC, and AX 
is at right angles to BC ; prove the difference between the 
squares on AB and AC is equal to twice the rectangle BC . DX. 

lYrite out the general enunciation corresponding to this 
particular enunciation. 

4. Prove, fully, that the middle point of the hjqjotenuse of a 
right-angled triangle is equidistant from the tluree angular points. 

AB is a diameter of a circle of radius 3-7 cm., and .40 is a 
chord 2 cm. long. Without any calculation, construct a 
rectangle equal in area to the square on AC and having one 
side equal to AB. Give a proof. 

5. In a circle, centre 0 , radius 1-5 in., mscribo a quadrilateral 
ABCD having BC = CD, the angle ABC = 95° and the angle 
AOB ~ 40°, State the steps of your construction. 

Ciilculate the number of degrees in the angle BCD, and so 
check the accuraev* of your figure. 

G. Find the locus of a point which moves so that the tangents 
drawn from it to two fixed circles are equal. [Consider separ- 
ately two cases, (i) the circles mtersect, (ii) the circles do not 
intersect.] 
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I Copy the quadnlatera! ABOD by measnnng any two 
angles and as few lengths as possible 
Give the enunciations of the congruency 
propositions that justify your con- 
struction 

2 A triangle ABO has the sides AB 
and AO equal , the angles at B and 0 
are bisected by lines meeting the 
opposite sides at P and Q Prove that 

3 ProTe that a parallelogram and rectangle on the same 
base and between the same parallels are equal in area 

Squares AOFC, BODE are described on the sides AO, BO of a 
tfiasgle nght aoglcd at A DC is produced to meet PO pro 
duced at H, and a lino through A parallel to DB meets ED 
at K and FO produced at L From this figure prove that the 
square AF ** rectangle CK 

4 Prove that any two angles at the circumference of a 
circle standmg on the same chord are either equal or supple 
mentary 

ABOD 18 a cyclic quadrilateral and Z is the middle pomt of 
the arc BD on the side of CD, remote from A Prove that 
XC bisects the angle between DC and BO produced to E 

5 Two circles with centres P and Q touch externally at A , 
an external common tangent touches the circles at B and C 
respectively, and meets the common tangent drawn through 
A at D Rove that the angles BAG and PDQ are each equal 
to a tight angle 


D 



A JJ 

PQ 13 parallel to BO 


6 Show, with proof, how to produce a chord AB of a circle 
to a pomt P, such that rectang^ AP PB square on AB 
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No. 27 

1. Two triangles ABC, ADE have AB = AD, AC — AE, 
BO — DE, and are placed so that the line GE cuts both AB 
and AD without being produced. Prove that CE is parallel 
to BD. 

2. Tlio angles A, B, 0 of a quadrilateral ABGD are respec- 
tively 100°, 70° and 150°. A new quadrilateral is formed by 
bisecting the exterior angles of ABGD. Eind the sizes of the 
interior angles of this new quadrilateral. 

3. If the square on one side of a triangle is equal to the sum 
of the squares on the other two sides, prove that the triangle is 
right-angled. 

Find the area of a triangle whose sides are 17’8 in., 16 in., 
7*8 in. 

4. Write the enunciation connecting the squares on the sides 
of a triangle with the square on one of the medians. 

In a triangle ABC, the angle G is a right angle, and AD and 
BE are medians. Prove that iAD - -j- ABE - = 5 AB ^ 

Reproduce the adjoining figxue talcing 
OA — 3 in., AB = 1 in., and radius of circle 
to be 1 in. 

Constnict two circles each of which touches the 

given circle, and also touches the line AB at B. 

Provo your construction and measure the distance 

between the centres. . -r, 

A JB 

G. Tlie diagonals of a trapezium ABGD, in which AB is 
parallel to CD, intersect at E ; prove that the circles described 
about the triangles ABE, CDE touch. If the circles described 
about the triangles ADE, BCE, also touch, prove that ABGD 
must bo a parallelogram. 
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1 A line AB ol definite length is moved to any other position 
A'B' in the aame jdane, th© perpendicular bisectors of AA' 
and BB meet at 0 Prove that the angle AOB is equal to the 
angle A'OB' 

2 Show that parallelograms on equal bases and between the 
same parallels are equal m area 

ABCD 13 a parallelogram , equal lengths AP, DQ are cut 
off from the sides AB, t>C Any two parallel hnes are drawn 
through P and Q, show that the parallelogram they mtercept 
between AD and BC is always of the same area as ABCD 

3 In a tnaogla ABC, a perpendicular AD is drawn from A 

to BC If AB = 65 cm , AD 60 cm , « 166 cm Show 

that the triangle is ngbt-angled 

4 If two Circles intersect prove that the line joining theii 
centres, produced if necessary, bisects the common chorda at 
right angles 

Being given a circle of radius 4 cm , draw two other circles of 
radius 2 cm so that they mtersect the first circle m the same 
two points the common chord being of length 3 cm 

5 Prove that a line passing through the centre of a circle 
perpendicular to a chord bisects the chord 

The longest Ime that can bo drawn from a point P mside a 
cuvle to the circumfereace is 8 cm long the shortest is 2 cm 
Construct the figure Measure the len^h of the chord that is 
bisected at P, and verify by calculating the length of that 
chord 

6 The figure represents a wheel of radius 2 ft 1 m , which is 
just about to roll, without ehppmg, over a thm 
obstacle BO of height 10 m Calculate the 
length of BA 

In a figure drawn to the scale of 1cm — lOm, 
trace out the lom described by O and A respec 
lively, while the wheel is surmounting the 

obstacle 
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1. Provo — 

(i) Tlie vertex of an isosceles triangle lies on the perpendic- 
ular bisector of the base. 

(ii) All points cquidistnnt from two fixed points lie on the 
{)erpcnclicular bisector of the line joining the points, 

(iii) The centres of all circles passing throngh tAvo given 
points lie on the perpendicular bisector of the line joining the 
points. 

2. A Ihve PQ is bisected at R ; from P, Q, and B peipendicu- 
liirs PH, QK, BL arc let faU on another straight line passuig 
through a point 0, not between H and K. Prove that (i) 
20 L OH + OK, (ii) 2BL = PP -f QK. 

If a line AB is divided equally at 0 and unequally at P, prove 
(i) geometrically, (ii) algebraically, that OP is equal to the 
difference botAvecn AP and PB. 

3. Const met a quadrilateral ABCD ha-ving AB = 2*3 cm., 
the diagonal BD — 3 cm., angle BAD ~ 65®, angle DBG 
— -10°, and the angle BDC = 70°. Make a triangle equal to it, 
and proA'c your construction to be correct. 

Mnlcing the necessary me.asurcments, calculate the areas of 
the quadrilateral and triangle, 

AOB i.‘< a straight line bisected at C? ; a pomt P moves so 
that .-IP 2 -f BP~ is constant. Prove that the locus of P is a 
circle. 

Draw the circle Avhen AB — Z in. and the constant is Sh sq. in, 

5. Any point D is taken in the side AB of a triangle ABO ; 
through D a lino is drawn, meeting AC at E and maldng the 
angle ADE equal to the angle AOB. Prove that the rectangle 
AC . AE is equal lo the rectangle AD .AB. 

6. ithout usmg a protractor, constnict on a base BC 1 in. 
long an isosceles triangle ABC having the angle A equal to 36°. 
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1 If two tnanglea have two sid» of one equal, each to each, 
to two sides of the other, bat the angle contained by the two 
sides of the firet tnangle greater than the ai^le contained by 
the corresponding sides of the other, prove that the third 
Bide of the first is greater than the third side of the other 

Two tnai^les ASG, AED hare AD, AC m the same straight 
line, and AD less than AO, AB = AE, and the angles at D and 
C are nght angles but on opposite sides of A 0 Prove that the 
angle DAE is greater than the angle CAB 

2 What do you know about the line joining the middle 
points of two sides of a tnangle i 

The base BC of an isosceles tnangle ABO is bisected at D 
and AC, one of the equal sides, at E , the lines BE, DE are 
bisected at // and K respectively Prove that DS =■ DE and 
AH^AK 

3 Construct a rhombus of side 2 5 in equal ui area to a 
square of side 2 m 

Check your figure by measunng tbe diagonals of the rhombus 
and calculating the area 

4 On a base 2 5 in long construct a segment of a circle to 
contain an angle of 100° 

A cychc quadrilateral A BCD, the diagonals of which intersect 
at 0, 18 such that AOB = 140° AB = 2 5 m BC = 1 m , 
AG = 2 5 m Construct the quadrilateral and measure CD. 

5 A point P is taken 4 cm from the centre of a given circle 
with radius 2 5 Draw through P a straight line which will 
cut from the given circle a segment containing an angle of 100° 

6 The perpendicular let foil from the vertex A of a tnangle 
ABC to the side BC meets BC at D, and the circumcircle at 
E the perpendicular from B to AC meets AD at K Prove 
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1. Two straight lines AB, CD bisect each other at 0 ; AC, 
BD are bisected at E, F respectively. Prove that EF passes 
through 0. 

2. Draw an equilateral triangle 'anth side 4 cm., and then 
draw nccunitely a figure similar to the 
adjoining figure. 

3. By a geometrical construction obtain 
an approximate solution of the equations 
X y — 10, Ttj = 20. Explain and 
justify your method. 

4. (i) /I, B, C, D are four points on the circumference of a 
circle. If AC and BD bisect one another, prove that they both 
pass through the centre. 

(ii) A diameter .dJ5 of a circle bisects a chord CD. If BO 
is parallel to AD, prove that CD bisects AB. 

f). If a tine subtends equal angles at two points on the same 
side of it , prove that the two points and the extremities of the 
line lie on a circle. 

AB, BC, CD are three straight lines, of which AB and CD 
arc eqxial and on the same side of BC, and the angle ABO is 
equal to the angle BCD. Prove that the four points A, B, 0, 
D lie on a circle. Provo also tliat AD is parallel to BO. 

G. A circle is described about an equilateral triangle ABO, 
and another equilateral triangle ABD is described on the other 
.-^ide of AB ; with centre D and radius DA a circle is described. 
A j)oint P is taken on the circumference of the first cii-cle ; 
P.A and PB, produced if necessary, meet the second circle at 
Q and R re-ipeiitively. Prove (i) that QR is a diameter of the 
srvond circle, (ii) that S the intersection of AR imd BQ lies on 
tlic first circle. 
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1 ABCD IS a rectangular croqaet lavn the width 42) lw> >ng 
40 ft On the lawn are three balls P Q S P is 10 ft from 
AB and 5 ft from AD Q is 20 ft from A and 30 ft from D 
R 13 eqmdistant from P and Q and also eqmdistant from AD 
and AB 

Draw a figure to a coDTemeot scale and so find the distances 
of P from AB and AD 

2 Define parallel straight lines Give without proof a 
practical test for finding whether two given hnes may bo 
considered parallel 

If all the angles of a hexagon are equal prove that three 
pairs of sides are parallel 

3 What 13 meant by the orthocentre of a triangle ? Through 
the angular points of a triangle ABC lines are drawn parallel 
to the opposite sides these parallels forming a triangle PQR 
Prove that the orthocentre of ABC coincides with the circum 
centre of PQR 

4 AB IS a chord of a circle centre 0 the perpendicular 
bisector of OB meets AB&\,C and CO is produced to any point 
D Prove that the angle AOD is three times the angle BOG 

5 State and prove a construction for drawing a circle to 
touch the side BC of a tnangle ABC and the sides AB AC 
produced 

If this circle loaches AB and AG produced at P and Q 
respectively prove that AP — a when a is the semipenineter of 
the tnangle ABC 

6 An endless belt passes roond two wheels one 5 ft and the 
other 2 ft m radius their centres bemg 9 ft apart By 
drawmg an accurate figure to the scale 1cm = 1 ft find the 
length of the portions of the belt (assumed to be straight) 
between the wheels \ enfy this 1 s eslcuLstion 
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1. BAC is an 5 ' angle and AB = AC. From AB, AG re- 
.'-gcclivcly equal lengths AP, AQ are cut ; CP and BQ intersect 
in A'. Prove that AX bisects the angle BAG. 

2. Draw a trapezium ABCD, being given that AB and DC 
are parallel and AB — 2'4r in., BC = 3-6 in., CD = 4*5 in., 
DA “ 3 in. State the steps of your construction. 

3. Write out in full the enunciations vliich comiect the 
square on one of the sides of a 
triangle vith the squares on the 
other sides. 

TSvo squares ABCD, AGFE 
•arc placed as in the figme ; 

BIIK is parallel to AB and 
DL2[ is parallel to AO. Provo 
that the rectangles ABKH and 
AGML are equal, (i) by proving 
them to bo double equal triangles, (ii) by using one of the 
propositions mentioned in the first part of this question. 

4. Show that a square is the only parallelogram which can 
be inscribed in a circle and also have a circle inscribed in it. 

5. If from a point P outside a circle a tangent PA and a 
secant PBC arc drawn, show, without using the properties of 
similar figures, that PA - = PB .PC. 

\ point P is taken on the produced common chord of two 
circles ; PT is drawn to touch one of the circles and PQR is a 
secant of the other. Prove that the circumcircle of the triangle 
QBT touches one of the original circles. 

Draw a circle of 2-3 in. radius and take a point A on the 
cireumference. Inscribe a triangle ABC in the circle having 
A = 60°, and B = 76°. 

Give reasons for your construction .md measiure the sides of 
the triangle. 



D 
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1 In a tnangle ABC the aide AB la greater than AC , the 
bisector of the angle A meets BC at D Prove that BD is 
greater than JJC 

2 Prove that tnanglea of equal area, on the same base and 
on the same side of it, he between the same parallels 

Draw the complete locus of tho vertices of oil aento angled 
triangles having a given BO 6 cm long for base, and area 
6 6q cm Give your reasons 

3 The diagonal AC of a pamllelogram ABCD is produced to 
E BO that AE as 240, and DC is produced to meet EB at F 
Prove that F is the mid point of BE and that DC = 20F 

Construct a triangle ABO being given that the radius of 
the circumcircle la 1 6 in , BO = 2 in , and 04 = 1 2 m 

6 Two circles intersect at 4 and S, a point 0 is taken on 
the circumference of one of the circles inside the other , 40 
and BO produced meet the second circle at D and E respectively 
A Ime through 0 parallel to DE meets AE at P, and EA,' 
produced if necessary, meete tho first circle at F Prove that 
the square on PC is equal to the rectangle PA, PF 


6 In the figure PQRSTVWX represents a regular octagon 
inscribed m the square ABCD , prove 



that XB = PS 

Hence, or otherwise, find by a geo- 
metrical construction the side of a regular 
octagtm inscribed ui a square of side 4 cm 
If x m IS the side of a regular octagon 
inscribed in a square of side a in , prove 
that x{l -1- V2) = a 
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J. From tlio ends of a fmito straight line AB equal i^arts AG 
and BD are cut. TJirough A and D parallel lines AE and DF 
are drawm ; through C and B parallel lines CE and BF are 
drawn, meeting the other parallels in E and F respectively. 
Provo that AF and DE bisect one another. 


2. Construct a triangle ABC having BA — 2'6 in., AG 
= .3-2 in., angle ABC = 55°. Measure the angle BGA. Why 
arc there not two solutions ? 

Also construct and measure the perpendicular from A on 
BC and calculate the ai-ea of the triangle ABC. 


4. Construct a cyclic quadrilateral being 
given that AB — 4 cm., BG = G cm., 
A = 05°, B = 110°. 




3. State and prove the geometrical theorem corresponding to 
the algebraic formula {a-b)~ — a-- 2ab + 5 ". 

In the figure AH, AD, BG are squares. G F 

Provo that the area of the pentagon (?il/7£AC/ 

is equal to the rectangle AC-CB together M , .C] 

with half the sum of the squares on AC and 
CF. 


c 









K D 


5. From a point outside a circle two straight lines are drawn, 
one of which cuts the circle and the other meets it. M5iat is 
the condition that the meeting line is a tangent ? Give a 
proof. 

In a triangle x\BC angle A — 80° and angle C — 40°. At A 
a lino xlD is drawn making angle GAD — 60° and meeting CB 
at D. Prove that CA ■ = CB, CD. 

f). A circle is describetl about a triangle ABO, and D is the 
middle ])oint of the arc BC. bemg on the opposite side of the 
chord BC to A. If I is the centre of the inscribed circle, prove 
that /)/ = /)/? = DC. 
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1 Show how to bi'cct a reflex angle 

Two Imea AB, AG meet at A Provo that the bisectora of 
the two angles at A (the reflex and the ordinary) are m the same 
straight hne 

2 Prove that the point of concurrence of the medians of a 
tnangle is one third of the way from the bisected side to the 
opposite vertex 

The side AD of a parallelogram ABCD is bisected at D and 
CE meets the diagonal BD at F Prove that DF is one third 
of DR 

3 A church A is 3 miles west of another church B A 
school IS to bo built so os not to be more than 2 miles from 
«ither church Draw a plan and mark the ares in wbch the 

'tiehool may be built If it is as far as possible from both 
^ ^lurches calculate its distance from the straight road AB, 
^tsuig by both churches 

pom» Prore that the line joining a point P to the centre 0 of a 
Thi bisects the at^U between tho tangents drawn to the 
from P 

on thifi^ points A, B C are taken on the circumference of a 
p ich that the angle ABC is 123® Calculate the number 
*^®«s in the angle between the tangents at A and C 
intersecti 

^®T’®*^‘\uadnlat«ral ABCD is inscnbed m a circle of radius 
opposite sf^ jg tbe tenant at A Construct the figure being 
the line jou angle EAD = 25* angle ACB — 35®, and angle 
CK IS perpejo Calculate the angle between the diagonab and 

Construe 

angle BAG = pomt p mside a tnangle ABC, perpendiculars 
section of the n.rg fall on ^ aides BC, CA, AB respectively 
’ + RD* + Cfi*= AD* + RP> + C7D* 

•at the circles desenbed about the triangles 
” meet in a pomt 
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1. In a ccrUiin town the railway st-ation A is 200 yds. cast, 
of a picture palace B ; a church C is north-east of B and 250 
from A. Draw' a plan sho^ving the lolative positions of A, B 
and C, and find the site for a house wliich is to be equidistant 
from A , B, and C. 

2. In a certain pentagon three of the angles arc each double 
each of the other two angles, find the number of degrees in each 
angle. 

Write out in full the general enunciation you have used. 

.3. At. the middle point 0 of a straight line AB, a peipcndicu- 
lar 00 is dra-a-n equal to OA ; AC and BC are joined Erom 
any point P in OB a perpendicular is draum to AB, meeting 
nd at D. DE is d^a^TO parallel to PO to meet OC at E and 
line A I) is drawn. Use this figure to prove — 

AP + PR 2 = 2AO " + 20P i. 

4. Show that, four circles can bo drawn to touch three, 
straight lines wliich arc not concurrent, and no two of wliicli 
arc pandicl. 

Show that any one of the centres is the orthocentre of 
triangle formed by the other three centres. 

5. In a. circle of radius 3-5 cm, inscribe a triangle ABC 
having A ~ 48°, B — 62°. If the minor arc BC, CA, AB are 
bisected at A', B', C respectively, measure and calculate the 
.sir.es of the angle.s A', B', C. 

6. ABC is an equilateral triangle and P a point inside it,, 

on AP an equilateral triangle APQ is described, P and Q being 
on oppo.'^ito sides of AC. BP, CQ are produced to meet at ,X. 
Pro\ 0 that .•}, P, Q, X lie on a circle, and that the line joining 
the circumcentres of the trianirlcs ABC, APQ is at lit^ht ar^'f^les 
tod A. ^ 
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1. The bisectors of the opposite angles A and (7 of a para! 
Iclogram ABOD meet the diagonal BD at E and E respec 
tirely , prove that AE w parallel to CF 

2 The medians of a tnangle ABC intersect at a point 0 
Prove that the triangles BQC, CQA, AOB are ei^ual m area 

3 Dra^, using a protractor, a regular pentagon ABODE, 
and draw an isosceles tnangle eijual to it in area having P as a 
vertex Prove your construction to be correct 

4 Two concentnc circles are drawn , points A, B are taken 
on the inner circle and pomts C, D on the outer so that the 
angle OAB is equal to the angle OCD Prove that AC is equal 
to BD 

5 Perpendiculars AD, BE, CF are drawn from the vertices 
of a triangle ABC to the opposite sidra , P is the middle point 
of the Bide EC Prove that D, E, F, P he on a cnele 

6 Prove that the perpendicular bisector of the chord of a 
au-e’e passes through the centre 

Two chords AB, CD of a circle with centre 0 intersect at 
right angles, the chords AD, BG are bisected at P and Q 
r espectively Provo that OP = CQ 
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No. 41 

1 . ABQP are four points in order on a straight line such that 
AJi = PQ ; ABC, PQB are equal angles, and BC = QB. Prove 
that AB = PC. 

2. On a certain public common three paths intersect so ns to 
form a triangle ABC. It is found that AB — 120 yds., the 
angle BAG = 4S°, and the angles ABC and ACB are equal. 
I’here is a drinking-fountain at D equidistant from the three 
paths, hut B and D arc on opposite sides of AG. Draw a plan 
on the scale of 1 cm. = 30 yds., and exi^lain your construction. 

3. Prove that triangles on equal bases and of the same 
altitude are equal in area. 

In a quadrilateral ABCD the diagonals intersect at E ; 
BB is produced to F so that EF — DB and EG is produced to 
G, so that EG — AC. Provo that the triangle EFG is equal to 
the quadrilateral ABCD. 

4. If two circles cut, prove that tlic common chord is bisected 
by the lino joining the centres, produced if necessary. 

A and B, distant 0 cm., are the centres of two circles wliich 
have a common chord PQ, 2'5 cm. long Wliat are the loci 
of P and Q ? Draw the two circles, being given that the 
tangents from B to the other circle are each of length 3-5 cm. 

5. Perpendiculars AA', BY, CZ arc let fall from the vertices 
of a triangle ABC to the opposite sides. Prove that AX 
bisects the angle YXZ. 

0. If two chords of a circle intersect, prove that the rect- 
angles contained by theu- .regments are equal. 

A triangle ARC, with angle A = C0“, is inscribed in a circle. 
A point P is taken on the circumference between A and B and 
a line PQBS is dravm, cutting AB in Q, AC in B and the circle 
again in 5, .•^o that the angle AQB is also 60°. Prove that the 
difference between AB and AC is equal to the diffeioncc 
between PR and Q$. 
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No 42 

1 Construct a tnanglo ABG in which AB = BO, B = 80' 
and BD the perpendicular from B to AO »= I 5 m 

Produce AE to E making BE = AB Join CE Prove 
that AE* ~ AG* d- G£* and verify by jneasarement and 
calculation 

2 Four points A B C D are taken m that order on a 
straight line so that AC — BD EF is any straight line 
parallel to AD Prove that the quadrilaterals ACFE and 
BDFE are equal m area 

3 Prove that in an acute angled triangle the square on an} 
side IS leae than the sum of the squares on the other two sides 
by twice the rectangle contained by either of those sides and 
the projection of the other on it 

If the perpendicular from A on the opposite side BC 
meets it at a point D such that BD » iDC prove that 
AB*«AG* + 5G CD 

4 From a point P inside a circle three equal lines PA PB 
PC are drawn to the circomfereoce show that P must he tlie 
centre of the circle 

Desenbe a triangle ABC m which BC = 2 3 in B 
= 40® and the radius of the inscribed circle is 1 in State the 
steps of your construction 

G Explain how to draw two common tangents to two inter 
eectmg circles 

Prove that the common chord when produced bisects the 
portion of either co mm on tan^nt between the pomta of 
contact 
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No. 43 

1 . A point P is tnlicn inside a triongle *4 jBG, prove tliat 
PP 4- PC < AB -f AC, and that L BPG > L BAG. Enun- 
ciate the converse propositions and say whether they are true. 

2. Prove from tlie definition of a parallelogram that its 
diagonals bisect one another. 

Tlirotigh the point G a line is drawn parallel to the opposite 
side A of a triangle ABC, and meeting tlxe bisector of the angle 
BAG at I). If AB is not equal to AC, prove tliat BD is not 
parallel to ,‘IC. 

3. Show, by drawing geometrical figures, that' — 

(i) (.r + 5) (a; 3) = -f 8a: -f lo. 

(ii) (a- - T)) (a; -f 3) = a-* - 2a: - La. 

4. A straight rod PQ slides so that P 
moves along OX and Q along OT ; draw 
the locus traced out by the middle point 
/?. talcing twice the dimensions of the 
figure, 

r>. If two chords AB, CD of a circle are 
parallel, prove that AC — BD, 

Two circles touch externally at P and a line cuts one of the 
circle.« at .4, B. and the other at C, P; AP and BP are pro- 
duced to meet the second circle atP and F respectively. Prove 
that FF is parallel to AD and that the angle BPC is equal to 
the angle BPD. 

(■). Construct a triangle ABC in which AD, the perpendicular 
from .4 to BC, is 3 in., .40 (0 being the intersection of the 
medians) is 2‘-} in., and the radius of the circunicircle is 2 in. 
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1 An equilateral tnangle CDE 13 described on the side CD 
o! a square ABCD , the du^onals cut DE, CE at F and 0 
respectively Prove that EF == EQ 

2 State the vanous ways you know of proving that two lines 
are parallel 

In the figure of Ques I prove that FO is parallel to DO 

3 State how to draw a line the length of which is exactly 
\/2l in and prove your construction to be correct 

4 Prove that the greatest line that can be drawn from a 
point outside a circle to a pomt on the circumference is that 
wluch passes through the centre 

Two pomta A and B are fixed and are outside a given circle 
Find a point P on the circle so that PA* + PB* has the 
greatest possible value 

5 Circles are inscribed u each of the four triangles into 
which a parallelogram is divided by its diagonals Prove that 
the quadrilateral formed by joining the centres of these circles 
is a rhombus 

6 Unequal perpendiculars AP, BQ are drawn at the extremi 
ties A and B of a straight Ime AB and a circle is desenbed on 
PQ as diameter cutting BQ the larger of the two perpendiculars 
at E Prove that AP = BB 

If this circle cuts AB at X and Y prove that AX = BY , 
and if AP = 1 AB = a and BQ — b prove that the lengths of 
AX and AT are the roots of the equation z* 01 + t = 0 
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No. 45 

]. Prove that the middle point of any straight line ■n-hich 
meets two parallel straight lines is equidistant from these lines. 

Exjdain how to find, without measuring any line or angle, a 
point which is equidistant from each pair of two pairs of 
parallel straight lines. 

2. In a quadrilateral ABCD the diagonal BD bisects tlie 
quadrilateral and is of length 5 cm. ; AB — 3-9 cm., CD 
— 3 cm., and angle BAD — 1 lo'^. Construct the quadrilateral 
and measure BC. 

3. Prove that the perpendiculars from the vertices of a 
triangle to the opposite sides are concurrent. 

l^om the vertices B, C of a triangle ABC perpendiculars 
BX, CY are lot fall on the opposite sides. Prove that — 

(i) AX. AC = AY. AB; 

(ii) B Y . BA + CX . CA = BC =. 

4. Draw two non-parallel straight lines wliich do not meet 
on your paper. E.xjilain how to draw a fine which would, if 
produced, bisect the angle between the original two lines. 

f). Show how four common tangents maj' be drawn to two 
non-mtcrsecting chcles. 

The figure shows two circles with 
two direct common tangents and one 
t ransverse. Provo AB — FQ. 

Cl. AB is the diameter of a circle. 

Tlirougli .4 two chords AP. AQ are 
drawn and produced to meet tho tangent 
at B in B and iS respectively. Prove that, whether AP, AQ 
are on the same .side of AB or on opposite sides, the four points 
P, Q, B, S arc concyclic. 
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No 46 

1 OX, 0 r are two nurrots, the reflecting faces containing 
an angle of 40“ P is a luminous point 3 ft from OX 
and 2 ft from 0 7 Draw a diagram on the scale 1cm = 1 ft 
showing P and four images P, P* Pj Pj Prove that the 
points P,Pj Pj P, P4 he on a circle 

2 If a parallelogram and a triangle are on the same base and 
between the same parallels prove that the area of the paral 
lelogram is double that of the triangle 

ABGD 18 a parallelogram ui which AB is greater than AD 
A point H IS taken maide the tnangle ACD Prove that — 
LABC = tAHB-£^AUD 

3 Draw figures to illustrate the algebraical formula — 

(0 (o + i)* + (o-6)»s=2a» + 26» 

(u) (0 4- 6)* -(a-l>)* ss 4of> 

4 In anj circle prove that equal chords are the same 
distance from the centre 

Draw a circle radius 2 in and take a pomt P 3 2 in from the 
centre Show with proof how to draw a hive PAB cutting the 
circle at A and B so that AB 2 9 in 

5 D at a point on a circle a tangent and chord are drawn 
either angle between the tangent and chord is equal to the angle 
in the segment on the other side of the chord 

From o fixed point O tangent OA OB are drawn to a fixed 
circle any secant OPQ is drawn and a chord BR parallel to 
the secant If AB meets PQ at X prove that X lies on a fixed 
circle Hence show that X is the mid pomt of PQ 

6 AB IS a chord of a aide and C is any pomt outside the 
circle Show with proof, how to draw a secant ODD so that 
DE IS bisected by AB 
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1^0. 47 

1 . Prove that two quaclrilaterals ABCD, PQRS are congru- 
ent if AB = PQ, BO = QR, CD = RS, and L ABC = L PQR, 
. BOD ^ L QRS. 

2. Prove tlmt the angles at the base of an isosceles triangle 
are equal. 

In a triangle ABC the sides AB, AC are equal and the base 
DC is produced through C to aiw point D. From D, DE is let 
fall perpendicular to AB and DP perpendicular to AC produced. 
Provo that BD bisects the angle EDF. 

2. li a number of parallel lines divide any transversal into 
equal parts, prove that any other transversal will also bo 
divided into equal parts. 

Draw a lino AB of length 3*7 in., divide it into two parts AP, 
BP such tliat SAP 5 = 4JSP. Give a proof. 

4. Explain how to divide a straight line AB into two parts 
at C so that rectangle AB . BO is equal to the square on AC. 

If ABDE is the rectangle AB .BC, prove that AD- — 3 AC-. 

v"). Prove that the line from the centre at right angles to a 
chord bi-sccts the chord. 

Two circles intersect at -4 ; show, with proof, how to draw a 
lino PAQ meeting the circles at PQ so that PQ is bisected at A. 

6. Exjdaui how a regular pentagon may be drawn without 
using a protractor. 
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No. 48 

1. Two eqmlateral tnanglea BAC, QAP have a common 
vertex A , show that the Bides of the triangle QPO are respec 
tively equal to QA, QB, QC 

2 What 13 the locus of points equidistant from the arms of a 
given angle * 

A pomt Q IS taken ut the base YZ produced of a triangle 
XYZ m which XY s= XZ , perpendiculars are let fall from Q 
on XT, XZ, produced if necessary Show that the difference 
between the perpendicular is the same whatever point Q is 
taken in the produced base 

3 Construct a triangle ABC, being given that median AD 
ss 4 6 cm , median BE » 3 5 cm , and side AB « 4 cm 

4 The 6gure represents a billiards table 12 ft x 6 ft • with 

pockets aA A, B.C, D, E, F , a boll is placed 
C D at X, 2 ft from AC and 3 ft from AF. 

Regardmg the ball and pockets as points, and 
assuming that the paths of the hall before and 
after sinking a side are equally inclined to the 
E aide draw a scale figure to find (i) a point F in 
A C such that the ball after sinking at P may go 
into the pocket D. and (u) a point Q m AC 
such that the ball alter sinking at Q may bit the 
top cushion CD and then go into the pocket F 

5 The sides BC, CA, AS of a triangle ABC are respectively 
6 m , g in , 10 iru loi^ The losonbed circle of the tnangle 
touches these sides at D,E, F respectively Calculate the lengths 
of BD, CE, AF If the macnbed circle touching BC, not 
produced, touches AB, produced at P, calculate the length of 
AP 

6 From a pomt P on the circumcircle of a triangle ABC 

perpendiculars PH, PK, PL are let faU on the sides BO, CA, 
AB, produced if necessary Prove that L he on a 

straight line 
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Ko. 49 

1. A pirate buried Bomc treasure nt a place G, near ivTO trees 
A and B, B being 57 yds. W. of A. He made a note that tlie 
angle CAB was 50' N. of AB and BC was equal to 47 yds. 
On returning some years later he made correct measurements, 
but failed to find the treasure. After consideration he made a 
second attempt and found the treasure. Draw a figure to the 
scale 1 cm. = 10 yds. to explain Ins mistake. What was the 
distance between the two holes 1 

2. The middle point E of the side AD of a parallelogram is 
joined to B, and BE cuts the diagonal AD at F. Prove that the 
triangle BGF is one-third of the parallelogram. 

3. Four points A ,B,G,D arc taken in this order on a straight 
lino ; prove (i) by moans of a figure, (ii) algebraically, that 
AD"- -f BG- = AC- + DD2 -f 2 AB . CD. 

4. Prove that the sum of the squares on the sides of a 
quadrilateral is equal to the sum of the squares on the diagonals 
together with four times the square on the line joining the 
middle points of the diagonals. 

5. Show that the acute angle between a tangent and a chord 
through the point of contact is half the angle at the centre sub- 
tended by the chord. 

Two circles touch internally at A and a chord ABC meets 
the circles at B and D. Tlie tangent at B meets the outer 
circle at D and E ; prove that the tangents at B and C are 
parallel and that the arc CD is equal to the arc GE, 

Construct a triangle ABC in which the radius of the 
inscribed circle is 1 in., the distance of A from the centre of 
that circle is 2-5 in., the side BC is 4 in. 
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No 50 

1 A point P la taken inside a triangle ABC prove that 
AP + BP + CP IS less than tlie sum of the sides of the triangle 
ABC hut greater than half the sum of the sides 

2 Prove that the bisector of the angles of any quadrilateral 
enclose a cyclic quadrilateral 

If this cyclic quadrilateral is a rectangle, show that the 
original quadrilateral must be a parallelogram 

3 State and prove a rule for finding the area of a trapezium 

Draw a trapezium ABCB in which AB is parallel to CD and in 

which AB =a 3 4 cm , BC a 4 cm , CD «= 6 cm . DA * 4 3 cm 
Use your rule to find the area of the trapezium 

4 Through a pomt P 3 cm from the centre 0 of a cirolo 
with radius 6 cm chords are drawn Show that the locus of 
the middle points of these chords is a circle Draw the locus 
State with proof, how to draw the longest and shortest of 
these chords and calculate their lengths 

5 Enunciate the proposition concerning the tangent and a 
eecant drawn to a cucle from an external point 

Explain, with proof, how to draw a circlo to pass through 
two given points and to touch a given circle 

6 A triangle ABC being given, explain how to draw three 
circles with their centres at A, B, and C, such that each circle 
touches the other two 

If these circles touch at D E, and F and if the L D = 30® 
and L E = 70® calculate the angles of the triangle ABC 
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Ko. 51 

1. Equilateral triangles PBC, QCA, BAB are described on 
the sides of a triangle ABG, all falling outside the triangle. 
Prove that PA = QB = BC. 

2. In any triangle prove that the sum of Hie squares on two 
sides is equal to twice the square on half the tliird side, together 
with twice the square on the median bisecting the third side. 

Prove that the sum of the squares on the diagonals of a 
parallelogram is equal to tlie sum of the squares on the 
four sides. 

3. Provo that an angle at the centre of a circle is double any 
angle at the circumference standing on the same arc. 

AB, AC aro equal chords of a circle with centre 0, and AD 
is another chord cutting BC at E. Prove that the angle ABC 
is one half of one of the angles AOD. 

4. State the construction for inscribing a circle in a triangle 
and prove it to bo correct. 

Find, by drawing, the radius of the biggest sphere that can 
1)0 covered by a cone of height, 8 in., and \rith a base of radius 
of 6 in. 

5. Provo that a straiglit lino parallel to one side of a triangle 
divides the other two sides in the same ratio. 

A point P is taken on the side AB of a triangle ABC, such 
that AP = 2PB. Through P, PQ is drawn parallel to BC, 
meeting AC at Q, and PB is drawn parallel to BQ, meeting AC 
at P. Find the ratio . dp : PC. 

G. In a triangle ABC, the angle C = 90° and the angle 
p 30° ; CB is produced to D so that BD = BA. From this 
iigure calculate tan 15°, sin 15°, each to three decimal places. 
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No. 62 

1 Dc6ne a parallelogram, and prove that if both pairs of 
opposite eides of a quadrilateral aro equal the quadrilateral is 
a parallelogram 

P, Q, R S, are the middle points of the sides of an irregular 
quadrilateral , prove tiiat Pit, QS bisect one another 

2 Trore that all points equidistant from tiro fixed points 
A and P be on a certain fixed straight bne 

Draw a tnangle ABO having AB = 67 cm , BG =78 cm 
OA = 8 9 cm , on AB construct a tnsoglo VAB, such that 
FA =» PR « VC 

S On two sides, AB, AC of a triangle as diameters circles 
are described Prove that D, the other point of intersection 
lies on BC or BC produced 

4 Explain what ta meant by similar If two triangles 

hare theic correspondu^ sides in the same ratio, prove that 
thev are equiangular 

5 If four lines are m proportion give a geometrical proof 
that the rectangle contained by the means le equal to the 
rectangle contained by tho extremes 

From a point P, two tangents PA, PB are drawn to a 
circle with centre 0, and PO cots ABatC Prove that PC . PO 
= PA» 


6 A point P IS tahen distant a inches from the centre 0 of a 
circle with radius r , from a pomt Q on the circumference QN 
18 let fall perpendicular to PO, produced if necessary If the 
angle QON is z”, find expresstons for the lengths of PN, QN, 

PQ 

From the expression for PQ deduce that PQ is greatest or 
least when it lies along the line PO 
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No. 53 

]. Two isosceles triangles PAB, QAB are on the same side 
of the same base (i.e. unequal side) AB. Provo that PQ when 
produced bisects AB. 

2. If two triangles have two sides of one equal respectively 
to two sides of the other, but the angle contained by one pair 
greater than the angle contained bj' the other pair, then the 
third side of the triangle with the greater included angle is 
greater than the third side of the other. 

In a quadrilateral ABCD the opposite sides AD, BG are 
equal, but the angle DAB is greater than the angle ABC. 
Prove that the angle BCD is greater than the angle ADC. 

3. Prove that a triangle is right-angled if the square on one 
side is equal to the sum of the squares on the other two. 

Calculate the area of a quadrilateral ABCD in which AB 
” 6 cm., BC = 2-5 cm., CD ~ 3-3 cm., DA — 5’6 cm., angle 
ABC = 90°. 

4. Prove that the two tangents drawn to a circle from an 
e.vtornal point arc equal. 

A quadrilateral is such that the sum of one pair of opposite 
sides is equal to the sum of the other pair of opposite sides. 
Prove that the bisectors of the angles of the quath-ilateral are 
concurrent. 

5. Provo that the bisector of an angle of a triangle di-vides 
the O])positc side i)roportionally to the sides containing the 
angle. 

The middle point.s of the sides BO, CA, AB of a triangle are 
P, Q, B resi)cctivel.'^% and X is a point in QJR such that QX : XB 
-- AB : AC. Prove that PX bisects the angle liPQ. 

0. From a ]>oint P a tangent PT is drawn to a circle of which 
Tli is a diameter, aud PB cuts the circle at Q. Calculate the 
length of PQ, being given TB = 9-6 and angle TPQ is 63° 1.5'. 
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No. 54 


1 It IS required to make an exact copy of tbe quadrilateral 
ABOD by measuring one length and as 
many angles as are necessary Record 
your measurements of the length (to the 
nearest tenth of an inch) and angles, and 
explain why they are sufficient to make a 
copy of the figure 

2 If m a triangle one side is greater 
S than another, prove that the angle oppoata 
the greater Side is greater than the angle 



opposite the less 

Construct a tnangle ABG so that BO s 3 4 m , angle B 
SB 42^ and AB exceeds AC by 1 6 m Measure AO 


3 Construct, without any caloulation a rectangle with one 
side 1 7 in equal m area to a rectangle with sides 3 2m and 
1 2 in State and prove your construction 

4 If two chords of a circle mtereoct internally or externally, 
prove that the rectai^lo contained b; the eegmenta of one is 
equal to the rectangle coutomed by the segments of the other 

Circles are drawn to pass through two fixed points A and B 
Wluit are the respective loci of— 

(i) The centres of these circles * 

(ii) The points of contact of the tangents drawn to these 
circles from a fixed point <7 in AB produced * 


5 Explain how to draw a figure similar to one rectilineal 
figure A, aud equal to another rectilineal figure B 

Construct geometrically an isosceles tnangle whose sides are 
m the ratio 3 3 2 equal in area to a square of side 2 5 in 


6 (i) Construct, without using tables, an angle .4, being given 
Bm~s=; 8, and from the figure find tbe values of sin ^ and cos^ 

Check your result by using protractor and tables 
(u) State and prove a formula giving the cosine of an angle 
of a tnangle which is not nght angled m terms of the sides 
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1. State and jjrovc a formula for obtaining the size of an 
internal angle of a regular poh'gon of ?? sides. 

A square ABCD and a regular pentagon ABPQB are described 
on opposite sides of a line CD. Find, by calculation, the 
angles of the pentagon PQltDG. 

2. Provo that the opposite sides of a parallelogram are equal. 
Jn a parallelogram ABGD the side AB is greater than the side 

AD. Prove that the point E, where the bisector of the angle A 
cuts the side DC, is between 0 and D. 

3. Prove (using, if you like, the properties of similar triangles) 
that the square on the hypotenuse of a right-angled triangle is 
equal to the sum of the squares on the other two sides. 

AB and PQ are chords in two circles with centres C and 0 
respectively, the former circle having the longer radius ; and 
AB, PQ are at equal distances from C and 0 respectively. 
Prove that AB is greater than PQ. 

4. ABCD is a c3"clic quadrilateral in wliich AD is equal to 
CD ; 1 is the centre of the inscribed circle of the triangle ABC. 
Prove that D is the centre of the circumcirole of the triangle 
AW. 


5. The bisector of the angle A of a triangle ABC meets BC at 
B-, I is the centre of the inscribed circle and E of the described 
circle touching BC, not produced. Provo that the rectangle 
BI . DE is equal to the rectangle GE . DB. 

G. The ground at the foot A of a vertical wall AB slopes 
downwards at an angle 32° with the horizontal. A Ladder 
IS ft. long, placed at a point C on the ground, just reaches B, 
the top of the wall. If AG is equal 5 ft. 8 in., calculate the 
height of the wall and the inclination of the ladder to the 
vertical. 
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1 If two straight lines AB CD intersect at 0, and the 
opposite vertical angles AOG, BOD are bisected by OP, OQ 
respectively, prove that PO and OQ are the same straight line 

If X, a point on the bisector of the angle AOD, is joined to 
Y, any point in OP, prove that Urn circle having Z F as diame 
ter will pass through O 

2 On the same side of a line XO, draw angle XOG equal to 
50®, and another angle XOY equal to 117”, and make 00 
= 1 7 in Draw a straight line through C, cutting OX at A 
and OY at B, such that AC *= CB State and prove your 
construction 

3 Prove that the opposite angl<» of a cyclic quadrilateral are 
equal to two nght angles (Try to prove this without using 
any property of a circle, except that the radii ate equal ) 

The opposite sides AB. DC of a quadrilateral ABOD meet 
at P wheu produced and the rectangle PA PB is equal to the 
rectangle PC PD Prove that the angles DAC, DSC are equal 

4 The sides of a tnangle ABO are a 6 c , show that the 
radius of the uiscnbed circle is equal to twice the area of the 
tnaogle divided by (a + 6 + c) 

Calculate the length of the radius of the loscnbed circle of a 
triangle whose sides are 73 cm 55 cm 48 cm 

5 Prove that two tnaogles are similar if they have two sides 
of the one proportional to two sides of the other, and the angles 
included by those sides equal 

Tangents PA, PB are drawn to a circle with centre 0, and 
PO cuts AB at C , XY is any other chord through C Prove 

(i) Rectangle PC CO = CA * 

(u) Triangles POX, OGY are eunilar 

(lu) P, X, 0, F lie on a circle 

(iv) PO bisects the angle XPF 

6 A road mns east from A and on the north side of the road 
is a forest A man walks 6 miles from A along the toad, and 
then turns northward through an angle of 70®, and walks 5 
imies mto the forest Pind calculation, how far he is then 
irom A and from the road In what direction must he walk to 
return direct to A * 
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1. WJiat do you know about the diagonals of (i) a parallelo- 
gnun, (ii) a rhombus, (iii) a rectangle, (iv) a square, (v) a cyclic 
quadrilateral. 

In a quadrilateral ABCP the diagonals AC and BE are 
equal, and the angles at B and C are both right angles. Prove 
that the quadrilateral is a rectangle. 

2. The diagonals AC, BD of a quadrilateral are at right 
angles and intersect at 0 ; show by a figure that the area of the 
quadrilateral is half the rectangle to AC, BD. 

3. Through a point P in the diagonal AC of a parallelogram 
ABCD are two lines HPK, XPY, each parallel to two sides of 
the ])arallelogram, meeting AB at Y, BC at K, CD at X, 
DA at II. Prove that — 

(i) The parallelograms DliPX, BKPY are equal in area ; 

(ii) The parallelograms AYPH, CXPK are similar to one 
another and to ABCD. 

•1, Draw, and explain, figures to illustrate the algebraical 
formula — 

(i) (a - b)- — a- - 2 ab b- ; 

(ii) (« -}- b)- ~{a-b)~ = 4: ah. 


5. A quadrilateral ABCD is such that a circle can be drawn 
to touch all four sides ; prove that — 

AB + CD = AD + BC. 

If P, Q, B, S arc the respective points of contact with the 
sides AB, BC, CD, DA, exjiress the angles of the quadrilateral 
PQRS in terms of the angles of the quadrilateral ABCD. 

C). A quadrilateral ABCD is determined by the measure- 
ments AB ~ 3 in., BC — 3*8 in., CD = 2-9 in., BAD = 106°, 
BCD = 90°. 

Construct the quadrilateral ; find its area b}' constructing a 
triangle equal to it in area. 

IVhat are the corresponding measurements of a similar quad- 
rilateral A' B’ C' D' of which the area is the area of ABCD 1 
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1 Prove that, if two 6ide6 and the included angle of one 
tnangle are tCEpectively equal to two sides and the included 
angle of another tnangle, the two tnangles are equal in every 
respect 

PandQ are two points on thesamc side of a straight line YY, 
but at unequal distances Find a point 0 in XY such that 
PO, QO may be equally inclined to X Y 

2 Prove that in any tnangle the difference of the squares on 
tv 0 sides IS equal to twice the rectangle contained by the third 
sulfi and the projection on it of the median bisecting that side 

3 Construct a parallelogram ABCD of area 3 sq m , such 
tliat AB as DC as 1 5 m and the perpendicular distance 
between AD and BC is 1 36 m 

Esplaia your coostmction 

4 Beffoe a tangent to a circle Use your definition to prove 
that the tangent to a circle at any point on it is perpendicular 
to the radius drawn to that point 

Two circles touch at A , from P any point on the common 
tangent at A, tangents PQ, PR are ^wn to the circles 
Show, with proof, bow to draw a circle to touch the two circles 
at Q and R respectively 

5 State the ratio property of the bisector of m angle of a 
triangle 

Two points A and B are 3 cm apart , draw the locus of a 
point P which moves so that PA PB =21 

6 A man, whose eyes are 6 it 6 in above the ground, stands 
at a horizontal distance 30 ft from the foot of a vertical tower 
65 ft high Find, as zteaity as your tables permit, the angle 
subtended by the tower at the man’s eye 
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1. Define a parallelogram ; from your definition prove that 
cither diagonal bisects the paraUologram. 

Any point E is tahen on the diagonal AC of a parallelogram 
ABC'D ; prove that the triangles BCE, DCE are equal in area. 

2. Prove that triangles on the same base and between the 
same parallels are equal in area. 

Prove that of aU such triangles the isosceles triangle has the 
smallest perimeter. 

3. If a straight line is divided equaUj' and also unequally, 
the rectangle contained by the unequal parts is equal to the 
difference of the squares on half the line and the line between 
the points of section. 

Ejq)lain how to divide a given finite straight lino so that the 
rectangle contained by the parts may have (i) the maximum 
ama, (ii) the maximum perimeter. 

4. Of two chords of a circle drawn tlmough a given point, 
prove that the one farther from the centre is less than the 
other. 

A point being given within a given circle, explain how to 
draw a chord so that the rectangle contained bj’ the segments 
shall have (i) the minimum area, (ii) the minimum perimeter. 

5. Divide, by a geometrical construction, a line AB, 3 in. 
long, at a point P, so that AP- = 2 PP-. 

Do the same by algebra and thus check your result. 

G. If A is an acute angle of a triangle with hypotenuse c, 
show that the area is h c- sin A cos A. Deduce the maximum 
area for a right-angled triangle nith lij^poteiiuse c and verify by 
pure geometry. 
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1 Without using a protractor, construct an angle of 521"* 
Gitc proof that your construction la correct 

2 If two sides of a tnangle are equal, prove that two of the 
angles arc equal 

On the equal sides AB, AG of a tiunigle, squares ACDE, 
ABIIK are described Prove that KB is paraUcl to BO. 

3 Explain how to make a square equal to a given rectangle 

In a straight line AB 3 6 m long, find, by a geometrical 

construction, a point P such that AP^ - PB^ may equal the 
square on a Uno 2 in long 

4 Prove that the perpendicular from the centre of a circle to 
any chord bisects the chord 

Prom the extremity ^ of a diameter AB of a circle, chords 
are drawn What is the locus of the middle points of these 
chords < 

6 Two circles touch one another and also touch a straight 
hue at pomts A and B Prove that AB is a mean proportional 
between the diameters of the circles 

6 A rod OP of length a inches is tunied about O by another 
rod AP of length b inches of which the end A is compelled to 
move to and fro along a portion of the line OX Show that, 
when the angle AOP is i®, OA = a cos a + ■1/6* - o* sin If 
a = 7, 6 = 12, find the length of that part of OX along which 
A moves 

Also find the greatest value of the angle OAP 
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1. Prove, without using proportion, that the straight line 
drawn through the middle point of one side parallel to another 
side bisects the third side. 

Prove that the lino joining E and F, the middle points 
respectively of AD and BC, the non-parallel sides of a trape- 
zium, is parallel to AB and CD, and equal to half their sum. 

2. Prove that the three medians of a triangle are concurrent. _ 

Construct a triangle, being given that the lengths of the three 

medians are 2*7, 3'4, 1-9 respectively. 

3. Prove that ia equal circles equal chords subtend equal 
angles at points in the circumference. 

Two equal circles cut at A and B ; with A as centre a circle 
is described cutting the tw'o circles at C and D on the same side 
of AB. Prove that BCD is a straight line. 

4. Tlio inscribed circle of a triangle ABC touches the sides 
CA, AB, at E, F respectively. Prove that AE or AF equals 
half the perimeter of the triangle diminislied bj’ the side BC. 

Draw a triangle ABC in which BC = 7*3 cm., CA = 6-9 cm., 
riB = 5-1 cm. Now with centres A, B, and G draw tlixee 
circles, each of which touches the other two. 

5. If a perpendicular bo let fall from the right angle of a 
right-angled triangle upon the Inqpotenuse prove that the 
triangle is divided into trin.ngle3 similar to the whole triangle 
and to one another. 

Prom a point P a tangent PD is drawn to a ^ven circle ; from 
D a perpendicular DC is drawn to the diameter AB, which, when 
produced, passes through P. Prove that AC ; CB — AP : PB. 

G, In a triangle ABC, AB =13 in., AC = 4 in., and AD, the 
perpendicular on BC, — 3-2 in. Calculate the magnitudes of 
the angles ABC and AOB and the length of BC. 
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1 ProTe th&i tbe dt&gonnls of an equa\-sided quadnlateral 
bisect one another at right angles 

ABCD is a square , explain, with proof, how to draw a line 
parallel to the diagonal RD and cutting AB at P, and AD at Q, 
such that PQ »= AB 

2 Construct a quadnlateml ABCD, haTing AB =s 4 m , 
BQ 2 m , CD = 3 6 in , angle BAD a* 60®, angle ABO — 1 10®, 
and the angle ADO acute Bisect the straight quadrilateral bj 
a straight line drawn through B State and prove your con 
struction 

3 Giro conditions that four pomts may be coneyebc 

If four circles are drawn so that each circle touches two only 
of the other three, determmo whether the four points of contoot 
are coocyclic 

4 The perpendiculars AD, BE, OF, drawn from the rertices 
of a triangle to the opposite sides mtcrscct at K and meet the 
opposite sides at D E, F Prove that AK KD =* BK. KE 
•kCK KF 

6 If in a triangle ABC the external bisector of the angle A 
meets BC, produced at D, prove that BA AC = BD DC 

Two points A and B are at a distance 4 cm Construct the 
locus of a point which moves so that /fP PB = 2 3 

6 A path AX is drawn from the foot A of a column AB, 
76 ft high, on the top of which is a statue BC, 16 ft high 
State how to find the point P in AX such that the angle BPC 
is as large as possible Find the size of that maximum angle 
by tngonometncal calculation 
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1. At tho extremity .4 of a line AB, which cannot bo pro- 
duced through A, erect, without using protractor or set square, 
a line AO perpendicular to AB. Prove your construction. 

2. Take two points A and B in the left-hand edge of your 
paper and draw two diverging lines AX and BT. Construct 
tho Ihio CZ, which would, if produced off the paper, bisect tho 
angle between XA and 7B if they also were produced off the 
paper to meet. State and prove your construction. 

3. In the Figure, A and B are the opposite 
comers of a parallelogram PAQB, but AX and 
BY cannot be produced to meet ; if they could, 

P would bo their point of intersection. Con- 
struct as much as you can of tho diagonal PQ. 

State and prove 5 ’our construction. 

4. In the Figure of Question 3, suppose that AX 
and BY are obtained by producing two adjacent sides of a 
parallelogram, tho lengths of the sides being 2 in. and 3 in. 
respectively. Construct tho line PQ, which is the prolongation 
of tho diagonal tlnough the intersection of those sides. State 
and prove your construction. 

Draw an arc AB of a circle. Without finding tho centre 
draw the tangents at A and B. 

Take any point P outside tho segment but within the triangle 
formed by the chord AB and the tangents at A and B ; show 
how the tangent from P may be drawn without finding the 
centre. 

6. A sphere of radius G in. rests on a hollow cylinder of 
radius 4 in. ; find by drawing and by calculation, tho distance 
of the centre of the sphere from the centre of the top rim of 
the cylinder. 
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1 Prove that li two angles of a tnangle are equal two sides 
also are equal 

A point P m the hypotenuse AB o! a right angled tnangle 
ABC IS such that the angle PAG = angle PCA prove that 
APr=PR 

2 AB 16 a line 3 5 cm long draw the complete locus of a 
point P which moves eo that the area of the tnangle PAB is 
3 6 sq cm and that no side of the tnangle is greater than AB 

3 Prove that the sum of the squares on two sides of a 
tnangle is equal to twice the square on half the third side 
together with twice the square on the median bisecting the 
tlurd side 

In a quadrilateral ABCD E is the middle point of the 
diagonal AC and F of BD Prove that the sum of the squares 
on the Bides of the quodnlateral is less than the sum of the 
squares on the diagonals by four tunes the square on EF 

4 If the oppos te aides of a quadnlateral are together equal 
to half the penmeter of the quadnlateral prove that a circle 
can be desenbed to touch all the sides of the quadnlateral 

B Explam how to draw a rectilineal figure similar to a given 
rectilineal figure and with its area p tunes the area of the given 
figure 

As an example draw an equilateral tnangle five tunes as 
large as the equilateral tnangle with side 13m 

6 A cone of height 7 cm with vertex V has a circular base 
whose diameter AB is 4 7 cm Draw to scale the section of the 
cone made by a plane parallel to the base the area of the 
section being one thud the area of the base 

Find by calculation the size of the angle A VB 
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1. Give the enunciations of three propositions which st-ato 
that a straight line is greater than some other line. 

Draw a triangle ACB having AB — 2-3 in., AC = 1*7 in., 
BC — 1*1 in. Now show within what area a point P must fall 
in order that AP may be greater than 1*7 in., but BP less than 
I’l in. 

2. Lines are drawn tlnough the vertices of a triangle ABC 
parallel to the opposite sides, forming the triangle XTZ. Show 
that the area of X YZ is four times that of ABC. 

Prove the medians of any triangle arc also the medians of 
the triangle formed by joining the middle points of the sides. 

3. Constnict a parallelogram with one side AB — 3’2 cm., 
the angle ABC = 50®, and the diagonal BD = 5-8 cm. 

4. Take any four points A, P, G, 2) in a straight lino and 
show how to find a point 0 in the line AD so that the rectangle 
OA . OC = rectangle OB . OD. 

f). Provo that two similar rectilineal figures can be dimded 
into pairs of similar triangles. 

ABC is an equilateral triangle with side 2 in., XTZ is an 
equilateral triangle with side 1*7 in. ; a point P is tnken inside 
the triangle ABC so that AP — 1*3 in. and PC bisects the angle 
G. Find a point 0 in the triangle XTZ such that it will 
divide XTZ into triangles similar to PAB, PBC, PC A. 

G. A spherical balloon of radius 20 ft. subtends an angle 
10® IS' at an observer’s eye when the angle of elevation of the 
centre Ls .50° 41'. YTiat is the height of the centre above the 
horizontal level of the observer's eye ? 
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1 State and prove the congnieocy eaunciatioa which does 
not mention any angles 

A tnangle ABO is fonned by three thm rods AB, BC, CA , 
the tnangle la turned about B through an angle to the position 
A’ BC What does the above mentioned enunciation tell 
you about the angles of the tnanglo A' BC f Prove that one of 
the angles between ^C^and C is equal to the angle ABA' 

2 Through the middle point D of the side BC of a tnangle 
ABC a line is drawn mulring equal angles AXD, ATD, with 
Afl, AC r^pectrvely Prove that A^ + AT = AB + AC 

Draw any angle PAQ and take a point D within the angle 
QAP Show how to construct a tnangle ABO so that BO 
passes through D, meeta AP, AQ at B and C respectively, and 
80 that the tnangle ABC has the smallest possible area 

3 Define a tangent to a circle and from the definition prove 
that the perpen^cular to any radius at its extremity » a 
tangent to the circle 

What other properties of a tangent do you know * 

What is the locus of points from which the tangents to given 
two intersecting circles are equal * 

4 Draw a circle with radius 76 m about it descnbe, 
without using a protractor, a tnangle having two of its angles 
30” and 45” respectively 

6 AD and P8 are medians of two equiangular triangles 
ABC, PQB Prove that AD PS = BC QR 

8 The circumcircle of an isosceles tnangle ABO meets AD, 
the perpendicular bisector of BG, when produced at E Through 
D any chord PDQ is drawn, and EP, EQ cut BC, produced 
when nece«saiy at B and 8 Prove that the rectangle DR DS 
IB constant 
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1. Prove tliat the opposite sides and angles of a parallelogram 
are equal. 

ABCD is ft parallelogram ; AB is produced to a point E 
such that DE bisects BC. Prove that AB = BE. 

2. Divide a straight line 3'8 in. long into two parts so that 
the rectangle contained by them may be of area 3 sq. in. 
State and prove your construction. 

3. Prove that tlie perpendicular bisector of any chord of a 
circle must pass tlirough the cexrtro. 

Perpendicular AD, BE are let fall from the vertices A and B 
of a triangle ABC to meet the opposite sides at D and E ; Jv is 
the point of intersection of AD and BE. Prove that the line 
joining the mid-points of AB and OK bisects DE at right 
angles. 

4. Given a square whose side is 1-5 in., describe a regular 
octagon by cutting off the four corners. Explain your con- 
st motion. 


5. A straight AB is divided internally at P and externally at 
Q in the same ratio and 0 is the middle point of AB. 


Provo (i) OP, OQ = OA^, (ii) 


1 

AQ 


2 

AB 


C. Give a geometrical constniction, with proof, for mailing 
an isosceles triangle with each of the base angles double of the 
vertical angle. 

Di'<lucc that sin ~ — ^ — . 


4 
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1 Prove that the Bum of ttie tntenor angles of a polygon of 
n Bides 13 equal to 180 (n - 2) degrees 

In a pentagon ABODE tiie angles at A and B are each 110* 
and the angles at C and E ate each lOQ® The alternate sides 
are produced to meet, forming a star shaped figure What is 
the sum of all its angles * Calculate the magnitudes of the 
angles and verify that the Bum is right 

2 Sho^ that if one diagonal a quadrilateral divides it 
into two equal parts it need not he a parallelogram , bat if 
both diagonals dindc it mto equal parts it must be a parallelo 
gram 

3 If two cuolea touch, prove that the centres end point of 
contact are in the came straight line 

A circle is drawn touching a given circle whose centre u A 
and also a given straight line BC Show that the centre is 
equidistant from A and from one of two straight Lues parallel 
to £C 

4 Prove geometrically that, if a straight line AB be divided 
equally at 0 and unequaUy at X, 

AX XB^ AO*~OX» 

Divide a straight line 7 cm long into two parts so that the 
differenco of the squares on these parts may be 6 sq cm 

^ Without assuming any propositions about a circle prove 
that the angle in a eemicircle is a right angle 

Two points P and Q I in apart are the middle points of 
adjacent sides of an unknown rectangle Construct the loci of 
its vertices 

6 Prove that if two eimilav tnanglcs have their correspond 
mg Bides parallel the lines joining corresponding vertices meet 
in a point 

In a given tnangle ABG show to inscribe a square PQBS so 
that P lies on AB Q on AC, Jt and S on BC 

If z 18 the length of the side of this square and h the length of 

the perpendicular AD to the side BC, prove that - *- ? = 

X b BU 
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1. Ttto equilateral triangles ABC, CDE are so placed that D 
is inside the triangle ABC and E on the opjiosite side of CA. 
Prove that AE — BD. 

2. If a parallelogram and triangle are on the same base and 
between the same parallels, state, and prove, the relation 
hotweon their areas. 

On the side AB of a triangle ABC the square ABLE is 
described. If the area of the triangle DBC is equal to the area 
of the square, prove that the triangle ABC is obtuse-angled, 
and that either the side AE of the square will, produced if 
necessarj’, bisect BC, or the side BD will out the side AC in a 
point of triseotion. 

3. State the construction for drawing the internal common 
tangents of two non-intersecting circles. 

Calculate their lengths when the radii are 3 in. and i in., and 
the centres are 8 in. apart. 

i. li A, B, C are three points in a plane, iJrove that AB“ 
-f AC- 2AB, AC is greater than BC~ unless A, B, C are 
colluiear and A between B and C. 

5. Two circles, ABQX, ABFY, cut at A and B. A, P, Q 
am in a straight line and B, X, Y are in a straight line. Prove 
that PY, QX are parallel. 

6. OX, 0 Y are two lines inclined at an angle 70°. A straight 
line AB, 1 in. long, slides so that A is always on OX and B on 
Cl . Constnict the locus of the centre of the circumcircle of the 
triangle AOB. 
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1 If the line AD which bisects the base BQ of a triangle 
ABO also bisects the ar^le BAC, pror® that AB = AC 

2 On the same base BG and on the same side o! it are an 
isosceles tnangle ABC and a tnaogle DSC etjoal to it in area 
Prove that the isosceles triangle has the smaller perimeter 

3 Construct a trapeiium ABDO in which AC = 2 cm , 
BD = 3 cm , CD »= 2 6 cm , and AC, BD are both perpendicular 
to AB 

Find, by calealation, the length of AB and the area of 
ABGD 

4 Two circles with centres A and 7 4 cm apart, and of 
radu 7 0 cm and 2 4 cm respectively, intersect at P and Q 
Prove that IIP and BQ are tangents to the circle with centre A 

B If two chords of a circle intersect within the circle, prove 
that the rectangles contained by their segments are equal 

Tivo chords of a circle, PA and PB, are inclined at an angle 
60® , another chord CD cuts PA at Q and PB at R eo that 
PQ = QR Prove that the difference between PA and PB 
equals the difference between QG and RD 


6 The figure, which is not drawn to scale shows the plan of 
Q four wheels of a cart The axles AB 



and CD are 4 ft in length and 5 ft 9 m 
apart In tunung, the front axle is 
turned about, its mid point E through 
an angle of 8® 20 , so that the cart 
turns about a point 0 Fmd by cal 
culatiOQ the radii of the cueles des- 
cribed by the wheels 
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1. Draw two non-congruont triangles ABC, XYZ, having 
AB, BC equal to XY, YZ, each to each, and the angle BAG 
equal to the angle YXZ. State, and prove, the relation con- 
necting the angles opposite the other pair of equal sides. 

2. Prove that parallelograms on the same base and between 
the same parallels are equal in area. (The proof must bo based 
on the fact that areas which can be made to coincide are equal.) 

Construct a trapezium ABGD having AB = 4-6 cm., BG 
~ 3-6 cm., GD — 5 cm., DA — 4 cm., and AB parallel to DC. 
Plaice a rectangle equal to it in area, 

3. By how much does the sum of the squares on the sides 
containing an acute angle exceed the square on the remaining 
side of the triangle ? Prove your statement when the triangle 
is obtuse-angled. 

4. ABO is a triangle with G obtuse, and D is a point such 
that BG produced bisects AD at right angles. Prove that 
BD is a tangent to the circuracircle of the triangle ABG if 
BG = CA ; and that if BD cuts the circle at a j)omt P between 
B and D then BC is greater than AC. 

5 . Provo that the ratio of the areas of similar triangles is 
equal to the ratio of the squares on corresponding sides. 

A circle is described about a triangle ABC in which AB 
~ C in., BG — 9 in., AO = 4’0 in. ; the tangent at A meets BG 
produced at D. Prove that A ABO ; A ABD = 7:16. 

0. Prom the top of a vertical cliff, 600 ft. Iiigh, the angle of 
depression of the top of a lighthouse is 10°. The lighthouse is 
knorni to be half a mile from tlio cliff. Eind the height of the 
lighthouse and the angle of elevation of the top of the cliff from 
the foot of the lighthouse. 
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1 By using the properties of parallel hues, prove that the 
sum of the angles of any tnangle is tvo right angles 

IVhat other methods of proof are there * 

The sides AB, DO o! a qnadnlateral meet, when produced 
at X and the sides DA, CB meet, when produced, at Y , the 
angles AXD, DYG are bisected by lines meeting at 0 Prove 
that the angle ^03’ is equal to half the sum of one pair of 
opposite angles of th^ quadrilateral ABCD 

2 Prove that the three medians of any tnangle are con 
current Show that any two of the medians are greater than 
the third 

3 Show that the tnangle, baring sides 15 om , 13 cm and 
7 cm , IS obtuse angled 

Calculate the length of the perpendicular let fall from the 
obtuse angle to the opposite side 

4 A point P 18 taken 2| in from 0 the centre of a circle of 

in t^ius Describe a circle of radius 2 m to pass through 

P and to touch the given circle Show that there ace two such 
circles and measure the distance between their centres 

5 If a point D be taken lo the base AC of a tnangle so that 
AD DC AB D(7, prove that DD bisects the angle 

If CE be drawn perpendicular to DB show that the angles 
AOE, BCE are respectively equal to half the difference and 
half the sum of the baoe angles BAG and BCA 

6 Two circles with radu S 5 in and 2 7m are drawn with 
their centres 8 in apart Calculate the angle between their 
transverse common tai^ents 
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1. From the extremities of a straight line AB are dra-n-n 
parallel lines AX, BY, of the same lengtli, but in opposite 
directions. Provo that AB bisects XY. 

2. Construct a quadrilateral having each side and one 
diagonal equal to 1-5 in. Construct a triangle equal to it 
having one side of length 2’8 in. 

3. Prove that any chord of a circle is bisected by the per- 
pendicular let fall on it from the centre. 

iATiat is the locus of the middle points (i) of aU chords passing 
through a fixed point, (ii) of all chords parallel to a fixed line. 

4. Prove that the opposite angles of a cyclic quadrilateral 
are supplementary. 

The arc BO of the circumcircle of a triangle ABC is bisected 
at P and PX, PY are drarvn perpendicular to AB, AC respec- 
tively. Prove that BX = CY. 

5. PQ is drawn parallel to the side BC of a triangle ABC. 
Provo that the circumcircles of the triangles APQ, ABC touch. 

If PC and QB intersect at 0, prove that the circumcircles of 
POQ and BOC touch. 

G. AB is a diameter of a circle and OC is a radius perpendicu- 
lar to AB ; the tangents at *4 and B meet the tangent at C at 
P and Q respectively. The other tangent is drawn from X, the 
mid-point of AP, and produced to meet BQ at Y. Prove that 
<3 )' is equal to the radius of the circle. 
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1 Explain clearly what la meant by the confers© of a propost 
tioa State the converaes ol theioPowiag prt>positioas — 

(i) If the angle AGB = the angle ADB, then the points 
A, B, G, 27 he on a circle 

(u) If a point P 13 insule a tnanglo ABC, then the angle 
BBC 18 greater than the angle BAG 

Discuss the truth o! these converses 

2 Draw a triangle ABC having BC « 2 5 tn , CA = 1 9 m , 
PB = 1 4 m Take a pomt D in BC so that BD =» 2 in 
Now through D a line that will bisect the tnsnglc State and 
prove yonr construction 

3 State, with proof, how to divide a line into two parts so 
that the rectangle contained by the whole line and one part is 
equal to the square on the other pari 

4 What IS the locus of (i) the centres of all circles passing 
through two given points (ii) the centres of all circles touching 
two given intersecting straight lines 

Being given two Gmto straight lines AB and CD, show how 
to draw two concentric circles having these lines as chords 

5 Two circles with centres A and B cut at C, and the angle 
ACB 18 a ^ht ai^le , the Une of centies AB ©uta the circles 
between A and B eX D and B Prove that the angle DOE is 
half a right angle 

6 If N and r denote the cadu of the circunicircle and in- 
circle of a triangle, prove, with or without trigonometry, 

R = -7-> r = — , N* - ZRr = sq of distance between the centres 
4 a s ^ • 

of the circles 

[A denotes the area of the tnangle s la the semi penmeter ] 
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1. Draw a lino AB of longtli 1 in. ; oxj)lam how to find, 
without using a ruler, a point G in AB produced such that BO 
is also 1 in. Provo your construction. 

2. Give tho enunciations of propositions that prove, (i) 
parallelogram, (ii) triangles, to be equal in area although not 
equal in all respects. 

A point 0 is taken outside a parallelogram ABCD, so that it 
lies between AD and BG produced. Prove that A AOB 
= A AOG -}- A AOD. 

3. Provo that the diagonals of a parallelogram bisect one 
another. 

Two paraUolograms ABDE, BGDE are on same base DE, 
and between the parallels GBA and DE ; AD and GE intersect 
at F. Provo that BE, when produced, bisects DE. 

i. Show how to inscribe a regular polygon of 15 sides in a 
given circle (i) using a protractor, (ii) not using a protractor. 

5. In a trapezium ABGD, AB is parallel to DO and AB 
= 3 cm., BQ = 5 cm., GD = 9 cm., DA = 4 cm., DA and GB 
are produced to meet in 0. Calculate the lengths of OA and 
OB. 

Verif}' by drawing a figure to scale. 

6. Using tho data of Question 5, calculate the size of the 
angle BCD and the area of the trapezium. 
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1 Tho Bidea AB, GB of a triangle ABG produced to D 
and E respectively so that BD == AB and = OB Prove 
that BE 13 equal and parallel to AC 

2 Prove from the deSnitioa of a parallelogram that a 
parallelogram is bisected by either diagonal 

Construct a parallelogram ABCD, bavinS = 2 3 in , 
angle ABC == I10“, and area eqnal to that of a triangle DBG 
having angle BBC = 49* and DB <= 2 8 to 

3 Prove, without using the proportion pfoperties of paral 
lels, that the straight lino joining the mid points of two sides of 
a triangle is parallel to the third side 

If P IS tho mid pomt of AB, Q of AC, and if of J50 m a 
triangle ABC, prove that AR bisects PQ 

4 Construct a triangle ABC having BC =* 3 2 cm , angle 
BAG « 100* and tho median AB « 1 & cm 

5 If the opposite angles of a quadrilateral ar® supplementary, 
proi e that the four vertices he on a circle 

The vertex A of a tnangle ABC is joined to any pomt D in 
the side BC Prove that the centres of tb® circumcirclea of 
tho triangles ABC, ABB, ACO he on a circle that passes 
through A 

6 Explam how to find the fourth proportion^!! to three 
given straight lines 

^ ,23X18 

By a geometneal construction find the valu® of — — 
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1. The sides AB, GB of a triangle ABG are produced to D 
and E respectively, so that BD = BG and BE = BA. Prove 
that AE is parallel to GD. 

2. Prove that two sides of a triangle are greater than the 
third. 

Take two points A and B on the same side of a straight line 
X T ] sliow how to find a point G ia XY so that AG + GB is 
less than riP + PB where P is any other point in Y F. 

3. Prove that the perpendicular to a chord from the centre of 
a circle bisects the chord. 

From a point P, 7 cm. from 0, the centre of a circle with 
radius 4-6 cm., draw a line so that the chord intercepted on it 
shall be 5*2 cm. long. 

4. If from a point P outside a circle a tangent FT and a 
sec.ant PAB be drawn, prove that PT- — PA, PB. 

Find, without calculation, a point P in a line AB, length 
3-0 hi., produced so that rectangle AP.PB may be of area 
16 sq. in, 

5. A point 0 is taken on the circumference of a circle and 
any three chords OA, OB, OG are drawn ; outside tlie circle a 
triangle XYZ is drawn having YZ parallel to OA, ZX, parallel 
to OB, XY paraUel to 00. Provo AO-.OB = XZ-. ZY. 

6. If a polygon with ii sides be inscribed in a circle of radius r, 

180° 

prove that the perimeter of the circle is 2nr sin , and that 

n 

. 3G0° 

ns area is - r- sm Wliat are the corresponding values for 

«-sided polygon described about the circle ? 
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1 Define parallel straight lines and from your definition 
prove tliat, li a transversal cuts two parallel lines, the alternate 
angles are eq^ual 

Two cuclea cut at P anti Q, through P a line APB is drawn 
cutting one circle at A and the other at B , through Q a line 
CQD IS drawn cutting the circle APQ at G and the circle BPQ 
at D Provo that AG is parallel to BD 

2 Prove that the diagonals of a rectangle are equal 

A hue PQ of constant length slides so that P is always on a 
fixed line OX, and <2 on another fixed line Or which w per 
pendicular to OX Determine the locus of B the mid point 
of PQ 

3 State the construction for making a triangle equal to a 
grren pentagon ABODE 

Construct a regular pentagon with side 1 m , and make an 
isosceles triangle equal to it (use of protractor is allowed) 

4 Prove that angles at the circumference of a circle sub 
tended hy the aame chord are either equal or supplementary 

Tlirough the vertices of a triangle ABC any three Imes 
YAZ, ZBX, XGY are drawn, formmg a tnangle XYZ Prove 
that the circumcircles of the tnangle XBC, YCA, ZAB meet 
in a point 

5 Describe a tnai^le ABC so that each side touches a given 
circle of radius 1 7 in , having the angle A = 42^, angle B 
= 109® 

6 The vertex A of an equilateral tnangle ABG is jomed to 
any point E m BC, produced, and a point P is taken m RA , such 
thatPP EC = BB BA The Ime BP cuts at Q Prove 
tha.tAB* = AQ BB 
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1. I’rove that the bisectors of adjacent angles are at right 
angles, 

The centre of the inscribed circle of a triangle ABC is I and 
E is the centre of the iJ-scribed circle touching BG, not pro- 
duce<l, Provo that iJ, I, C, lie on a circle, the centre of 
wliich is on the oircumcircle. 

2. Construct a quadrilateral which shall be bisected by the 
diagonal AC and have AB = 2 in., AC — 3 in., angle BAC 
— 32°, and angle BCD = 95°. 

3. Enunciate the geometrical theorem corresponding to the 
algebra formula : a[a b) — a" ah. 

If a straight lino AB is bisected at X and produced to T, 
prove that AX, AT ^ BX .BT + 2 BXK 

4. Yliat are the respective loci of the centres of a circle 
Kitisfjing the conditions : (i) To touch a given straight line 
and have a given radius 1 (ii) To touch a given circle and have 
a given radius ? 

Two equal circles move so that they touch each other and 
each touches one of two straight lines OX, OY, wliich are at 
right angles. Find the locus of B, their point of contact, (i) by 
drawing, (ii) b}’’ geometrical argument. 

5. Prove that the perpendiculars drawn from the vertices of 
u triangle to the opposite sides are concurrent. 

Show that these perpendiculars bisect the angles formed hj- 
joining the feet of the perpendiculars. 

G. Tangents C*4, GB are drami to a circle ; any point P is 
taken on the circle and perpendiculars PX, PY, PZ drami to 
Pri , CB, A B respectively. Provo that PX .PY = PZ\ 



so 


test papers in geometry 


No- 80 

1 State the rule for finding the sum of the angles of any 
rectilineal polygon 

ABODEFO IS a regular polygon with 7 sides , calculate 
the angles of the quadnlateml CDFQ 

2 A straight line AB is bisected at C , parallel lines AX, 
BT, GZ on the eatno eido of AB meet another straight line at 
X, 7 and Z Prove that AX -f BY =ZOZ 

IVbat 13 the similar fact if AX, CZ are on the same side of AB 
and PF on the other side * 

3 Prove Pythagoras’s theorem, viz , that the square on the 
hypotenose o! a right angled triangle is equal to the sum oi the 
sqnaroa on the other two side* 

A perpendicular ACD is drawn to a given line AB, 0 and D 
being any two points m the perpendicular , BA is produced 
and in the produced line points B and F are taken so that AE 
ss BC and Af BD ftovo that BE « CF 

4 Define a tangent to a circle as the limiting position of a 
secant Deduce from the angle property of a cyclic quadn 
lateral that an angle between a chord and a tangent at its 
extremity is equal to the anglo in the segment on the other 
side oi the chord 

Two circles touch mtemally at 0 and a line cuts the larger 
circle at P and S the timer at Q and R Prove that the angle 
POQ = the angle R03 

Is a similar statement true when the circles touch externally ^ 

6 Two circles ABT, ABOD cut at AB so that CD and AB, 
when produced, meet at P, and PT is a tangent to the circle 
ABT Prove that the circumeuele of the tnai^lo CDT will 
touch the circle ABT 

State the construction for drawing a circle to touch a given 
circle and to pass through two given points 

6 Make a triangle ABG havmg sides BC = 3 4 cm , BA 
«= 2 cm , CA = 6 cm Construct on angle OBD such that its 
sme shall be twice the Bins of the angle BCA 

Measure the angles and check your work by using tables 
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1. Two triangles ABC, PQIi hare the sides BC and QR in 
the same straight line and are on the same side of BR ; also 
BC ~ QR, BA — QP and angles ABC and PQR are supple- 
mentary. Provo that APIs parallel to BC and QR. 

2. If a parallologre.m is held underwater, prove that in exery 
position the sum of the depths of the four comers is equal to 
four times the depth of the intersection of the diagonal. 

.3. Any point P is taken in the diagonal AG of a parallelo- 
gram ABCD ; tlirough P lines HPK, LPM are drawn parallel 
to the sides of the parallelogram, meeting AB. BC, CD, DA in 
M, K, L, H respectively. Prove that the parallelograms 
PMBK, PLDM are equal in area. 

Hence construct a rectangle nith one side 2*3 in. long, and 
of area 5 sq. in. Yerify by measurement. 

4. Explain how to draw common tangents to two given 
circles. State when there are 4, 3, 2, 1, 0 common tangents 
resjwctively. 

Two circle centres A and B have radii 3 cm. and 2 cm. 
respectively, and AB — 7 cm. Draw a line PQRS cutting 
circle A at P and Q, circle B at B and S, so that PQ — o cm., 
RS = 3 cm. 

5. Any point P is taken on the circumcirclo of a triangle 
ABC, and perpendiculars PH, PR, PL are drawn to tlie sides 
BC, CA, AB, produced when necessary. Prove that H, K, L 
are m the same straight line. 

6. The dimensions of a rectangular room are length 20 ft., 
width 15 ft., height 12 ft. Find, by d^a^^•ing and calculation, 
the length of a diagonal and the angle it makes v.ith a diagonal 
of the floor. 
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1 ABC la any tnanglo, ahow that any number of equilateral 
tnangles can be drawn having their three sides passing respec 
lively through A, B and C 

2 Prove that the opposite sides and angles of a parallelogram 
ire equal 

Prove that the dgure formed by the intersection of the 
bisector of the angles of a parallelogram is a rectangle 

3 What is the complete locoa of points equidistant from two 
given interBectiog straight lines t Prove your answer 

Draw two lines POQ, BOS mtersecting at an angle of ^0* 
Find the locus of a point which moves so that its distance finm 
POQ IS always 2 cm greater than its distance from BOS 

4 Divide a straight Ime into two parts bo that the square on 
one part may be equal to the rectai^Ie contained by the whole 
line and the other part 

Divide a straight line AB, 3 in long, at a point 0 so that 
AB* + BC* == 3 AC* 

6 If IS the orthocentro of a triangle ABC, prove that 
AlC = BC cot A 

A IS a fixed point on the circumference of a circle, and PQ is 
a variable chord of constant length What is the locus of the 
orthocentre of the triangle APQ * 

6 The side BA of a triangle ABO is produced and the 
extenor angle so formed is bisected by a line which cuts the 
circumcircl© at D and BC produced at J5 ProvethatAB AC 
= AD AE 
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h Draw two triangles ABC, PQR, having two sides AB, AC 
equal respectively to PQ, PP, having also one angle of ABC 
equal to one angle of PQE, and yet the triangles are not con- 
gruent. 

Two lines meet at A. With centre A an arc is drawn cutting 
tlio one line at P, the other at Q, and with centre A, another arc 

i.s drawn cutting the former lino at X and the latter at T. 
If py, QX intersect at Z, prove that AZ bisects the angle at A . 

2. If a point 0 is taken inside a triangle ABC, prove that the 
angle BOG is greater than the angle BAC. 

Show that the converse is not necessarily true- 

3. Illustrate by geometrical figures the algebraic formula — 

(i) - 6'- = (o + 6) (a - 6) ; 

(ii) (« -h by- - (a - by = 4ab. 

4. Prove that every parallelogram inscribed in a circle must 
bo a rectangle. 

If the middle points of the sides of a quadrilateral lie on a 
circle, prove that the diagonals are at right angles. 

6. If two triangles have an angle of the one equal to an angle 
of the other, and the sides about those angles proportional, 
prove that the triangles arc similar. 

In one of the sides AB of a triangle ABC, having AB — AG, a 
point D is taken such that GB = CD. Prove that AB . BD 

^B(r-. 

C. IVhen the sun is at altitude 50° at noon, find (i) the 
Icirgth of the shadow of a post 4G ft. high, (ii) the area of the 
shadow of a wall, the length of which is 90 ft., the height 7 ft ., 
and the direction north-east. 
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1 II two 8 ii3m oI a tnanglo are eqaal, prove that the opposite 
angles are also equal 

If the point P in the side BC of a triangle which i3 eqni 
distant from A and B is also the imd pomt of BC, prove that 
the tnangle is right-angled 

2 In what lands of parallelogram (i) are the diagonals at 
right angles t (u) do the diagonals bisect the angles * 

In a trapezium ABCD the non parallel sides AD and BC are 
equal Prove that R, G, Z) lie on a circle 

3 Pinde a straight Ime AB, 2 7m long, at a pomt P, so that 
AB* « PPJ -I- 2 AB, BP 

4 Prove that the line joining the centre of a circle to the 
middle point of a chord is perpendicular to the chord 

Two circles cut at 5 , PXQ is » line through X, meeting one 
circle at P and the other at Q Provo that P(? is greatest when 
it IS parallel to the line of centres 

5 If I IS the Centro of the inscribed circle of a tnai^Ie> prove 

A 

^ that the angle BlC =» 00 -f — 

Describe a tnangle ABC having A as one 
Q vertex, P the pomt where the bisector of the 
p angle B meets AG, and Q the pomt where the 

bisector of the angle G meets AB 

6 Tangents PA, PB are drawn to a circle with centre O, 
and any point X is taken on AB produced The Ime at right 
angles to OX at X meets AP, PB, produced at Y and Z respec' 
tively Prove that X T = XZ 
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1. Construct a trapezium ABGD having AB parallel to DG 
and AB — 3'7 cm., BG — 2-5 cm., GD — 5-6 cm., angle CDA 
= 70". Take the necessary measurement and find its area. 

2. Prove that two triangles are eq^ual in area if they have 
two sides of the one equal to two sides of the other, each to 
each, and the included angles together equal to two right angles. 

.". Give, without proof, a geometrical illustration of the 
algebraical identity (o - b)" = cr- -j- 6“ _ 2ab. 

If one angle of a triangle is one-third of two right angles, 
prove that the square on the opposite side is less than the sum 
of the squares on the sides containing that angle, by the 
rectangle contained by these two sides. 

4. Show that two tangents can be drawn to a circle from an 
external point and that the parts of them intercepted between 
the point and the circle are equal. 

If the inscribed circle of the triangle ABG touches AB R, 
prove that 2 AR = AB -f- AG - BG. 

0 . Provo that equal chords of a circle subtend equal angles 
at the centre, and that the angles they subtend at a point on the 
circumference arc either equal or supplementary. 

Two equal circles ABG and ADG cut at A and B, and AB 
— AC, If BC meets the other circle at D, prove that I) is 
inside the circle ABC. 

6. If 7 is the centre of the inscribed circle of a triangle ABC, 
prove that A I : ID = BA A- AC : BC where D is the point of 
intersection of AI and BG. 
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1 State and prove a conatniction for drawing a line perpen- 
dioular to a given line Irom a given point outside it 

A and 27 are given points on opposite sides of a given line XY 
Find a point C in XY such that the angle ACX is equal to the 
angle BOX. 

2 Provo that the quadrilateral formed by joining the middle 
points of the sides of a rectangle is a rhombus, and that its 
area la half that of the rect^gle 

3 If P and Q are points on the same side of AS such that 
the angles APB, AQB are equal, prove that the four points 
A, P, Q, B he on a circle 

Equilateral triangles APB, AQC are described on. tho sides 
AB, AC of a triangle ABO, falling outside that triangle If 
BQ, OP intersect at R, prove that A.O.Q R he on a circle 

4 In any tciatiglo prove that the diflerence of the squares on 
two sides IS equal to the rectangle contained by the tbrd side, 
and the projection on it of the median bisecting it 

If A, 27, 0, D are four points such that AO^ - BC* = AB^ 
- BD*, prove that CD is perpendicular to AB 

5 Explain how to inscnbe a circle in a given triangle 
Show that the radius is equal to the area of the tnangle divided 
by the eemi penmeter 

6 Tangents PA, PS are drawn from a point P to a circle 
with centre 0, and PO cuts AB a.i C Prove that 00 CP 
=s AG* If jCT 18 any other chord through C, prove that OP 
bisects the angle XPY 
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1. If two triangles have their sides equal, each to each, prove 
that they are equal in all respects. 

On the side AB of a square ABGD an equilateral triangle 
ABE is described, and F is the mid-point of CD. Prove that 
ET is at right angles to CD. 

2. Construct a quadrilateral ABCD having AB = 1-7 in., 
diagonal AG ~ 2-3 in., angle BAC = 80°, angle BCD — 00°, 
angle ADD — 90°. Make an isosceles triangle equal to the 
quadrilateral, having as base. 

3. A cone stands on a base of radius 5 in. and its slant side 
is of length 13 in. ; find, by drawing or calculation, the radius 
of the largest sphere that can be covered by the cone. 

4. In a triangle ABC the angle at B is obtuse, AD is lot fall 
perpendicular to BO, meeting it at D. Prove that D must be 
outside the triangle, and that B is between C and D. Prove 
AB^- = AC- + BCr-- 2 BC . CD. 


0 . If a straight hne PQ cuts the sides AB, AC of a triangle 
in the same ratio, prove that PQ is parallel to BC. 

Take any point P in the side AB of a triangle ABC, and sliow 
how to draw a line tlurough P to meet BC produced at Q, such 
PQ may be bisected by AC. 

G. A regular pyramid has a square base ; the faces are 
isosceles triangles with base angles each equal to 70°. Find 
the inclination of the faces to tlie base (i) by drawing, (ii) bj' 
trigonometrical calculation. 
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1 Make an angle XOY equal to 65”, on OX measure 
OA = 3 cm , OB = 7 cm From A and S draw two equal 
straight lines AG and BG to meet on OY Measure them 

2 If the intercepts made by three parallel lines on any one 
transTersal are equal prove that the intercepts made on any 
other tranaveraal are also equal 

Perpendiculars BP, CQ are let fall from the vertices B and C 
of a triangle ABC upon any line through A between AB and 
AC Prove that D, the mid pomt of BC, is equidistant from 
Pand Q 

3 Explain how to describe an equilateral triangle about a 
given circle 

ABC IS an equilateral tnanglo described about a circle with 
centre 0, and D is the pomt of contact of BC with the circle 
If AD cuts the circle at £ prove that AE « EO « OD 

4 Divide a straight Ime AB of length 7 cm into two parts at 
C 60 that the rectangle AC CB may be of area 9 eq cm 

Solve the equation i*-7i + 9»=0bya geometncal con 
struction 

& ABC IS an equilateral triangle inscribed m a circle, D is a 
point on the cicoumference in the minor ato BC On BD an 
equilateral triangle BED is described, 8o that E falls mside the 
circle Prove that A, E,D are m same straight Ime 

6 With the data ui Qoestioa I, find the lengths of AC and 
BC with the aid of trigonometry 
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1. Two triangles ABG, DBG on the same side of the base 
BG have AB = DC and AG = DB ; AG and DB intersect in E. 
Prove that EB = EG. 

2. Prove that, if a transversal cuts two parallel lines, the two 
interior angles on the same side are supplementary. 

The bisectors of the angles B and G of a parallelogram 
ABGD meets at a point P, and the length of AB is 6 in. If 
the point P lies in the side AD, find the length of BG. 

3. Construct a triangle ABG having AB — 3 in., and the 
angles A, P, 0 in the ratio 2:3:4. Make a square equal to it 
without any further calculation. Measure the side of the 
square to the nearest fortieth of an inch. 

4. At a point P on a circle of radius 2 in., a tangent PQ is 
drawn of length 3 in. Describe a circle passing through Q, 
touching the first circle and having its centre on PQ. 

0 . The side AG of a triangle ABG is produced both ways to 
D and E, so that AD = AB and GE = GB, and a circle with 
centre 0 is described to pass through B, D, and E. Prove that 
OB bisects the angle ABG. 

C. Prove Ptolemy’s theorem, viz. the sum of the rectangles 
contained by the opposite sides of a cyclic quadrilateral is equal 
0 the rectangle contained by the diagonals. 

An equilateral triangle ABG is inscribed in a circle ; P is a 
point on the minor arc BG. Prove that P.4 = PP -f PG. 
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1. Prove that, in any trian^, the aide opposite the greater 
of two of the angles is greater than the side opposite the less. 

Points P and Q are taken on the sides AB, AC respectively 
of a triangle ABO. II the angle A is the greatest angle, prove 
that PQ mwat he leas than BG. 

2. Describe a triangle ABC, being given that BO = 4-7 cm., 
angle BOA = 79*’, and that the radius of the cirenmcircle is 
3 cm. Prove your construction to bo correct. 

3. On the same side of .<45 an equilateral triangle APB and 
a square ABOD are described Prove that P falls inside tie 
square. 

If BP produced meets CD at Q, prove that the angle DPQ is 
half a ri^t angle. 

4. Two equal circles have centres .<4 and S ; a line parallel to 
AS cuts the A circle at P and Q, and the B circle at B and K, 
BO that PQ and HK are in the same sense. Prove that PB 
» QK « AB. 

Show how to draw a circle to touch two given parallel 
straight lines and to pass through a given point between them. 

5. Prove that the bisector of the vertical angle of a triangle 
divides the opposite side into segments which have the same 
ratio as the sides containing tbe bisected angle. 

AD is a me^an of the triangle ABC, the angles ADB, ADO 
are bisected by lines meeting AB, AC, at E and F respectively. 
Provo that EF is parallel to BC. 

6. PQ and XT are parallel lines 4 cm. apart, and A is a 
point between them 1-6 cm. from XY. Construct a square 
ABGD having B on XY and D on PQ ; prove the accxuracy 
of the construction. Measure the angle ABX and verify by 
trigonometry. 
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1. In a triangle ABO tlie sides AB and AG are equal ; the 
angles ABO, AGB are bisected’ by straight lines meeting at 

D. Prove that AD produced bisects J5G. 

2. Prove that two sides of any triangle are greater than the 
third side. 

Prove that any two medians of a triangle are greater than the 
third, and that the sum of the medians is less than the peri- 
meter of the triangle. 

3. Take a point 0 3 cm., from a line X Y. Draw the locus of 
the middle points of lines drawn from 0 to YF. Prove the 
truth of your construction. 

4. Prove, by a geometrical figure, that the difference of the 
squares on two straight lines is equal to the rectangle contained 
by their sum and difierence. 

A point 0 is taken in the base BO of an isosceles triangle 
ABO ; prove that AB^ - AO^ = BO . GO. 

5. Two circles intersect at A ; a line PAQ meets one of the 
circles at P, the other at Q, and bisects an angle between the 
tangents at A. Prove that PA : AQ equals the ratio of the 
radii. 

C. Provo that the area of any triangle is equal to the rect- 
angle contained by two sides multiplied by the sine of the 
included angle. 

A, P, (7 are three fixed points in order on a straight line and 

IS any point outside the line. Prove that ; 

(i) OB sin AOP : OG sin AGO is the same for all positions of 0 

iVA sin BOG sin GOA 

'’T^+-oj- = -or- 
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1 I{ two pirallelograiQS have two ad)acent sides of tho one 
eq.ua] to two adjacent Bides of tho other, each to each and 
one angle of tho one equal to one angle of the other prore 
that the parallelograms will coincide if one is superposed on 
the other 

2 Draw a triangle A BC having BC = 32 cm C A = 2 1 cm 
AB = 3 cm On a base PQ of length 2 m construct without 
calculation a triangle PQR equal in irea to the triangle ABC 

3 A triangle PBC ib drawn on a given Ime BC 2 1 in long 
Find the locus of P if PB* - PC' «= 7 of a sq in 

4 Prove that if two circles touch, either internally or 
externally the point of contact and the two centres are m the 
same straight lina 

Circles are drawn to touch a given circle and a given straight 
line Show that part of the complete locus of their centres is 
the same as the locua of a point equidistant from a cectam 
fixed point and from a certam fixed line 

5 Two circles intersect at A show how to draw a straight 
line tlirough A so that the circles shall intercept equal chords 
on that line 

Show how to draw a square so that opposite sides may pass 
through two given points A and B and the diagonals may 
intersect at another given pnml C 

6 The tangent at A to the circumcircle of a triangle ABC 
meets BC produced at P Prove that — 

PB PC = AR* AC* 
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1. ABG is a triangle, right-angled at B ; AB = 1*7 in., and 
angle A is 57®. Draw the triangle and measure AG, BG. 

Confirm your measurements by calculating these lengths by 
using trigonometrical tables. 

2. Prove that the opposite sides and angles of a parallelogram 
are equal. 

The vertex A of a parallelogram ABGD is joined to any point 
E in the side GD ; any point F is taken in EA, and EA is 
produced to Q so that AO = EF. Prove that the parallelogram 
FGHB is equal in area to the parallelogram ABGD. 

3. If there are two straight lines, one of which is divided into 
two parts, show by a figure that the rectangle contained by 
the undivided line and a part of the divided line is equal to the 
rectangle contained by the two lines diminished by the rect- 
angle contained by the undivided line and the other part of the 
divided line. 

Hence give a geometrical demonstration of the algebraical 
identity a[b - c) -f 6(c - a) = c{b - a). 

4. In a triangle ABG, the perpendiculars from B and G on 
the opposite sides intersect at D, and meet the circumcircle in 
E and F. Prove that A is the centre of the circumcircle of the 
triangle DEF. 

5. Prove that the locus of a point whose distances from two 
given points are in a constant ratio is a circle. 

C. Prom a point P in the side BG of a triangle ABG, FQ is 
drawn parallel to AB to meet AG in Q, and PB parallel to AG 
to meet AB in R, and QR is produced to meet BG at S. Prove 
that SP is the mean proportional between SB and SG. 
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1 Two linfis OA and OR are respectively at right angles to 
OX and OP, determine whether the bisector of an angle 
between OA and QB also bisects one of the angles between OX 
and or 

2 The diagonals of a paraUelogram ABCD intersect at 0, 
and a line POQ cute AB at P and DC at Q , prove that PQ u 
bisected at 0 

Draw a triangle ABC having BC =23 cm , CA = 15 cm , 
AB =a n cm Conalnact a rhombua so that two adjacent 
Bides contain an angle dO** and pass through A and B respec 
tively, and the diagonals intersect at C Prove yoor construe 
tion 

3 Show how to produce a given straight Ime so that the 
rectangle contained by the whole Ime thus produced, and the 
part produced, is ei^ual to the n^oate on the onginal line 

4 Prove that an angle at the centre o! a circle is donhle any 
angle at the circumference standmg on the same arc 

Two circles, PQX and PQT, cut orthogonally (le their 
tangents at a point of intersection are at right angles) at P and 
<2 , PX and FT are two chords at right angles Prove that 
X, Q, T &nm the same straight Ime 

5 If two triangles are equiangular, prove that their cone 
fiponding sides are m the same ratio 

In Question 4, prove that the ratio of PX to QP is equal to 
the ratio of the diameters of the circles 

6 An observer, whose eye C is 5 6 ft from the ground and 
90 ft from a vertical tower AB, 6nds that the tower subtends 
at his eye an angle of 69* Calculate the height of the tower 
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1. ABOD is a sq[uare, with A as centre a circle is described 
cutting AB at E and AD at F. Prove that the line through A 
at right angles to DE bisects BF. 

2. AOB is an isosceles right-angled triangle with AG equal to 
BG ; at any point P in AB, nearer to B than A, a perpendicular 
is erected meeting BG at Q. Prove that FQ = PB. 

Hence show how to divide a given line AB so that the sum 
of the squares on the two parts may be as small as possible. 

3. Deduce from the construction of Question 2 that, if a 
straight lino be divided into two equal parts and also into two 
unequal parts, the sum of the squares on the two unequal parts 
is equal to twice the sum of the squares on half the line and the 
lino between the points of section. 

4. Provo that angles in the same segment of a circle are equal 
to one another. 

If the segment is smaller than a semi-circle, prove this 
proposition without using reflex angles. 

5. Give a geometrical proof of the proposition that if four 
straight lines are in proportion, the rectangle contained by the 
means is equal to the rectangle contained by the extremes. 

Provo that either of the equal sides of an isosceles triangle is 
a moan proportional between the diameter of the circum- 
scribing circle, and the perpendicular from the vertex. 

C. Describe a regular pentagon with a side of 1 in., the use of 
protractor being allowed. State how it might be done without 
using a protractor. Calculate the distance of a vertex from 
the opposite side. 

Hence, or otherwise, show that if a pentagon and a hexagon 
are described on the same side of the same base, the pentagon 
will fall entirely inside the hexagon. 
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1 If a straight Ime cots two other straight lines, which are 
not parallel prove that the alternate angles are onequal, the 
smaller being on the side towards which the lines tend to meet 
(The properties of parallel Imes are not to be assumed ) 


2 Explain, with proof, how to 
draw a parallelogram ABCD, having 
C on OT and D on OX 

3 If from a point 0 withm a 
tnanglo ABC, perpendiculars OX, 

y OY, OZ are let fall on BC, CA, AB 
respectively, prove that AZ* + BX* 
+ OT*=AY* + CX*-hBZ* 

Where must 0 be taken so that AZ^ + ZB^ + BX* + XC* 
+ Cr* +74* may be as small as possible 1 



4 Construct a triangle ABC being given 2 in , angle 

= 130®, and the median = 7 m 


5 If a point 0 is taken inside a tnangle ABC, and AO, BO, 
CO are produced to meet the cqipoeite sides aiP.Q B respect 

BB CO AR 

ively, prove that — — = l [Thia is Ceva’s Theorem ] 

jc t, OA ms 

6 A circle passing throngb A, a vertex of the rectangle 
ABCD, cuts AB at P, AC at Q AD at R prove that — 

(i) AB AP + AD AR^ AG AQ 
(n) AB BP + AD DB = AC CQ 
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1 . Provo tliat tlie triangle formed by joining the mid-points 
of the sides of an isosceles triangle is also isosceles. 

2. Construct a rectangle having two of the sides each 1*4 in. 
long, and a diagonal 3‘1 in. long. Measime the other sides to 
the nearest tenth of an inch. 

3. A and B are two points on the same side of a line XY ; 
show how. to find a point L in XT such that LA LB is a 
minimum. 

Prove that the triangle of minimum perimeter that can be 
inscribed in a given triangle is formed by joining the feet of the 
perpendiculars let fall from the vertices on the opposite sides. 

4. The bisector of the angle A of a triangle ABO cuts the 
perpendicular bisector of the side BG at D. Prove that A, B, 
0, D are concyclic. 

If P is any point not on the ciroumcircle of the triangle ABC, 
prove that the line joining the centres of the circumoircles of 
the triangles ADP and BOD bisects AD. 

5. Show that four circles can, in general, be found to touch 
each of three given straight lines ; and prove that the centre of 
any one of these circles is the orthocentre of the triangle formed 
by the centres of the other three circles. 

6. Prove that if two triangles are equiangular, their areas 
arc proportional to the squares on corresponding sides. 

Construct (i) a square of area 15 sq. in., (ii) a square equal in 
area to an equilateral triangle of side 1 in. Hence, construct 
an equilateral triangle of area 15 sq. in. Verify by calculation. 
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1 A bra«s weight caoaiata of o cjlindncal portion sormounted 
by a cone, the top of the cylinder being the base of the cone 
liie radius of the common eectton is 1 1 in , the total height is 
5 in , the slant height of the cone is 3 in Praw the elevation 
(i e Bide new) of the brass weight 

2 Show how to draw a line from a point P in the side BC of 
a triangle ABO, which will bisect the triangle 

3 If the diagonal AC of a rhombus ABOB is produced to 
any point P, prove that PA PC PB> - AB* 

4 Draw a circle of radius 3 cm , and in it inscnbe a triangle 
harmg angles 33’ and 66’ 

About the same circle descnbe a triangle, equiangular to the 
fonner, the sides of which touch the circle 

In each triangle measure the sides opposite the angles 66’ 
Verify by trigonometrical calculation 

5 Prove that the rectai^le contamed by the diagonals of a 
cyclic quadrilateral is equal to the sum of the rectangles con 
tamed by pairs of opposite sides 

A point D IS taken in the side BG produced, of an equilateral 
triangle ABC, and on AD, on the opposite side to C, an equi 
lateral triangle ADE ifl drawn Prove that CE =* BD 

6 Prove the formula c* = o* + 6* - 2 oi cos C, considering 
the three cases (i) C acute, (n) C obtuse, (ui) C a right angle 

Find all the angles of the triangle whose sides are 5 8 cm , 
4 2 cm , 4 0 cm 
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1. Explain the metliod of proof by rednctio ad absurdum. 
Use this method to prove that 
if two angles of a triangle are 
equal, the opposite sides are p- 
also equal. 

OAB, OPQ are two triangles 
having OA = OP, OB = OQ 
and AB — PQ ; BA and QP 
are produced to meet at F as in the figxire. Prove that VB—VQ. 

2. Without using any proposition about areas other than the 
cquahty of congruent triangles, prove that parallelograms on 
the same base and between the same parallels are equal in area. 

Make a parallelogram ABCD having AB — 2 in., BC — 3 in., 
and the diagonal BD = 4 in. Construct a parallelogram equal 
in area to ABGD, having two sides each equal to 2'6 in., and 
two angles each equal to 110°. 

3. State a necessary condition involving angles about four 
points that lie on a circle. 

In a triangle ABC, AP, BQ are perpendiculars from A and 
B on the opposite sides, E and F are the mid-points of AC and 
AB respectively. Prove that P, Q, E, F lie on a circle. 

4. A and B, the centres of two circles of radii 2*3 cm. and 
3 cm. respectively, are 6 cm. apart. Find all the points P 
such that the tangents from P to the A circle are 3 cm. long, 
and those to the B circle are 4 cm. long. 

5. With centre G on the circumference of a given circle 
another circle is described cutting the former at A and B ; 
through A a line is drawn cutting the first circle at P, and the 
second at Q. Prove that PB — PQ. 

6. Foin circles can be described each touching the sides or 
sides produced of a triangle. Prove that the circumcircles of 
the four triangles formed by the centres of these circles are 
equal. 
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1 Prove that an extenor angle of a triangle is equal to the 
sum of the interior opposite angles 

Find a point X in tie aide BO of a triangle ABO, such that 
XD, the perpendicular on AB, is equal to XC State and prove 
your construction 

2 The diagonal AG of a qusdnlalersl ABOD js produced 
through C to any pomt E If AB =* AD and CB = CD, prove 
that EA bisects the angle BED 

3 Prove that in equal circles (or the same circle) equal 
angles at the oircumferencea stand on equal chords 

A pomt P moves so that the angle APS is constant in size. 
AB being fixed m position and magnitude In any position of 
P, AS IS let fall perpendicular to BP and SL perpendicular to 
AP Prove that ££ IS of constant length 

4 Find a pomt P on the circumcircle of a triangle ABO, bo 
that, if AP IS produced to meet BC produced at Q, AQ may be 
bisected at P Prove the troth of your construction 

5 If at a pomt A on a circle a chord AB is drawn, and 
another Ime AX is drawn on the side of the mmor segment, 
such that the angle XAB is equal to the angle m the major 
segment, prove that AX is a tai^nt to the circle 

AB, BC, CD are three equal straight lines such that BA and 
CD are parallel on opposite sides of BC The circumcircle of 
the triangle ABC cuts CD at E Prove that the rectangle 
AB, DE 13 equal to the sqaare on AO 

6 If two tiiar^lea have an angle o! the one equal to an angle 
of the other, and the sides about those angles proportional, 
prove that the triangles are sunilar 

ACB, ADB are two ngbt an^ed triangles on the same 
Bide of the hypotenuse AB, and AC =* BD = JAB O is the 
mid pomt of AB, and AC is induced to E, making Alf equal 
to AO If BE cuts OD at P, proTO that OF — BF 




